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3apgaHue 1. IucKpeTHble MOgen NonynsaUunoOHHOM
OUHAMUKU

PaCCMOTpl/IM ONCKpPEeTHble AMHaMN4YeCKne CUCTeMbl, KOTOpPble NCNONb3YHOTCA B Ka4eCTBe
MaTeMaTUYEeCKUX MO,CI,QI'IGI;I ﬂOI'IyJ'IFlLI,I/IOHHOI7I ONHAMUKN:

Mopaenb beBepToHa-XonTta

Ny = " roe k= const > 0. (1

Be3pasmepHas mogenb Pukepa

Npey = N, @ ™ rpe k= const > 0. )

3apgaHue 1.1 (HenoaBuXXHble TOYKMK)

m Hailgute HenofdBWXHbIE TOYKM N AUCKPETHBIX AMHAMUYEeCKMX cucTeM (1) 1 (2) npu ycnoBuu, 4To
YyMcneHHocTb nonynsuun Nz 0.

m liccnepyiiTe HEMOABMXHBIE TOYKU HA YCTOMYMBOCTb.

= Haugute nepBble 61dypKaLMOHHbIE 3HAYEHMS NapaMeTPOB, T.e. 3HaYeHUsi MapaMeTpoB, Npu
KOTOPbIX CO6CTBEHHOE 3HAa4YEHME OAHOMEPHOW ANCKPETHOM AMHAMNYECKON CUCTEMbI, BbIYUC/IEHHOE
B HEMOABMKHOW TOYKe, paBHO No Mogynto 1.

3agaHue 1.2 (Fpacdukn peweHnn)

MocTpouTe rpachmKmn peleHnin UCKPETHbIX AMHAMUYecKnX cuctem (1) u (2) anst HavanbHbIX
COCTOSIHUW M, B3ATbIX B OKPECTHOCTM HEMOABMXHbIX TouyeK N [py 3TOM NOCTPOITE peLleHns Npu
Pa3fIMYHbIX 3HAYEHUAX NapaMeTpa A, KOrga OgHa U Ta e HenoABMXHas Touyka NV aBnseTcs
aCMMMTOTUYECKN YCTONYMBOW NN HEYCTONYNBON.

[nsi NOCTPOeHUs pelleHnii ANCKPETHBIX AMHAMUYECKMX CUCTEM MOXHO UCMOb30BaTb YHKLUMIO
RecurrenceTable.
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in[-]:= ? RecurrenceTable
Out[e]=

Symbol

RecurrenceTable[egns, expr, {n, nu.}] generates a list of

values of expr for successive n based on solving the recurrence equations egns.

RecurrenceTablelegns, expr, nspec] generates a list of values of expr over the range of n values specified by nspec.
RecurrenceTable[egns, expr, {ny, ...}, {n2, ...}, ...] generates an array of values of expr for successive ny, ny, ... .

v

MprMep NOCTPOEHMS NoCNeaoBaTENBHOCTH Yncen PboHaYuM KaK peLlleHns ABYMEPHON AUCKPETHOM
AVNHAMUYECKOW CUCTEMDI

11

Inf]:= Recur‘renceTable[{fib[n +1] == (1 0

).fib[n], fib[o] = {1, 1}}, fib, {n, 0, 20}] I3;, 21

Out[e]=
(1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584, 4181, 6765, 10946}

in[-]:= Table[Fibonacci[n], {n, 20}]

Out[]=
(1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584, 4181, 6765}

3apaHue 2. inckpeTHaa Mogenb perynayumm YNCneHHOCTU
HACEKOMbIX-BPeANUTENEN C MOMOLLbIO CTEPUNBHBIX
HaCeKOMbIX

[1, cTp. 99,ynp. 3.2], [4, cTp. 77, ynp. 6], [7, cTp. 128, ynp. 6] Ana KOHTPONS YNC/IEHHOCTU
HaceKoMbIx-BpeanTenei Nobina npeasioeHa cTpaTernst BHECEHUS U3BHE B OOLLYIO MOMYAALUIO
CTEPW/IbHBIX HACEKOMBIX C MOCTOSIHHOM YMCNEHHOCTbIO S= const > 0. OgHa 13 MaTeMaTUYECKUX
MOAeNei, ONMCbIBAOLWMX MOJYHaIOLLYOCS B pe3yabTaTe NONyAsLMOHHY AMHAMUKY, UMeeT
cnepyoLwmi BUg;

RN,

= , rae napametpbl R=const>1, M=const>0, S=const>0. (3)
(R-1) N[ M+ N+ S

Nn+l

3apaHue 2.1 (HenoaBu»KHbIE TOYKN)

HaipuTte HenoaBMXXHble TOYKM N ANCKPETHOM AMHAMUYECKON cucTeMbl (3) M nccnepynTe Ux Ha

YCTOMYMBOCTb.

3apaHue 2.2 (YcnoBue BbIMUPaHUA HAaCEKOMbIX-BpeauTenen)

HaiguTe KpUTUYECKOE 3HAYEHME YNCIEHHOCTM CTEPUIBbHBIX HaceKOMbIX S.= SR, M), Takoe, 4To ecnu
5> S, TO nonynsiumMs HaceKoMbIX-BpeauTenen BbiMnpaeT (M = 0 aBNSeTCs yCTONYMBON HEMOABUXHOMN
TOYKOM, NPU 3TOM HETPUBUAJIbHOE NOSIOXKEHME PaBHOBECUS ABNSIETCS HEYCTONYMBOMN HEMOABMKHOM
TOYKON).
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MocTpouiTe rpacdmKm pelleHmnii GUCKPETHON AUHAMUYeCcKon cucTemsl (3) npun S< S.n $> S.

3apaHue 3. budypkauroHHas gnarpaMma ANCKPETHOM
NTOFNCTUYECKON Moaenu

PaccMOTpUM OUCKPETHYIO NOTMCTUYECKYIO MOJESb
Ny = kN,y(1=N,), 0<k<4. @)

MN3BecTHO, 4TO Ans 3Ha4YeHui napameTpa 0 < A< 1 HenogBmxHas Touka A = 0 aBnseTcs
ACMMNTOTUYECKM YCTOMYMBOM (aTTPaKTOpP). ITO O3HAYAET, YTO NP JID6OM HavyaibHOM 3Ha4YeHUn Ny
N3 OKPECTHOCTM HEMOABWXHOM TOUYKM N = 0 pelleHmne AUCKPETHOM NOTUCTUYECKON MOAENN CTPEMUTCS
KM=0.

MocTpounM pelleHne ANCKPETHOM NOrNCTUYECKON Mogenu (4) c nomoubio yHKUMM RecurrenceTable
npu k= 0.9 n Ha4YaNbHOro COCTOAHUS Ay = 0.5 1 ybeanMcs, YTo peLleHne CTPEMUTCS K HYJH.

inl-1- k=0.9;

in[-]:= data = RecurrenceTable[ {NN[n +1] == kNN[n] (1 -NN[n]), NN[O] ==0.5}, NN, {n, 109, 150}];
Onpepenvm KOOpAMHaTbl COOTBETCTBYHOLMX TOYEK M NOCTPOMM Fpadunk

mn[-]-- data = {Range[100, 150], data} // Transpose;

in[-]:= ListPlot[data, Joined -» True, PlotLabel -» "k=0.9"]

Out[e]=
k=0.9
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M3BeCTHO, YTO A5 3HaYeHU napameTpa 1 < A< 3 HenogBwKHas Touka /' =1 - %( ABnseTCs

ACUMMTOTMYECKN YCTONYMBOM (@TTPaKToOp). ITO O3HAYaeT, YTo Npu Nt060M HavyalbHOM 3Ha4YeHUn Ny

v 1 v v
N3 OKPECTHOCTWN HEMOABMXHOU TOYKU V' =1 - % PelleHe ANCKPeTHON AUHAaMUNYECKOW CUCTeMb
CTPEMUTCA K 3HaYeHuto M =1 - %{
MocTpouM pelleHne ANCKPETHOM AMHAaMNYECKON CUCTEMbI MPU A= 2 1 HAYalbHOTO COCTOSIHUS Ay = 0.5
1 1

n y6e,EI,VIMC$-|, 4YTO pelweHne CTpeMNTCA K N=1- % E
mi-1= kK = 2;

in[-]:= data = RecurrenceTable[ {NN[n + 1] == KNN[n] (1 -NN[n]), NN[O] ==0©.5}, NN, {n, 100, 150}];
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mn[-]-- data = {Range[100, 150], data} // Transpose;

in[-]:- ListPlot[data, Joined - True, PlotLabel -» "k=2"]

Out[]=
k=2
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3apgaHue 3.1 (AHann3 UMKIOB AJINHbI 2)

NMpoaHannsmpyiTe yCTONYNBOCTb HEMOABWKHbBIX TOYEK /15 KOMNO3MLMK 2(X) U MOKaXKuTe, Y4TO ANs
3HaYeHUN 3< k<1 + \/E = 3.449 nepuognyeckme peeHuns ¢ LMKIOM AJINHbI 2 ABAKOTCA
ACUMMTOTUYECKN YCTONYMBBIMMU,

MocTpouM peLueHne AUCKPETHOW MHAMUYECKOW CUCTEMbI MPU A= 3.4 Y HA4a/IbHOTO COCTOSIHUS
My =0.1 1 ybegmmcs, 4To peLleHmne CTPEMUTCS K NEPUOAMYECKOMY PeLlEeHMO C LMKAOM ANHbI 2.

In[«]:= k = 3.4;

in[-1-= ListPlot [RecurrenceTable[ {NN[n + 1] == kNN[n] (1 -NN[n]), NN[O] == 0.1}, NN, {n, @, 50}],
Joined - True, PlotLabel -» "k=3.4"]

Out[e]=
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3apgaHue 3.2 (AHann3 UMKI0B AJINHbI 4)

NMpoaHanusnpyiTe yCTONYNBOCTb HEMOABVXKHbIX TOYEK A8 KOMAO3MLMK (X) U noKaxuTe, 4To Ans
3HavYeHUn 3.449 < k< 3.54409 nepnopgnYecKne peLleHmns C LUKIOM AJIMHbI 4 SBASIOTCS YCTOMUYMUBBIMMU.

MocTpounM pelleHne ANCKPETHOM AMHAaMNYECKON cucTeMbl MpY A= 3.5 N HA4aNbHOIO COCTOAHUSI
My = 0.1 M ybegumcs, 4To pelleHmne CTPEMUTCS K NePUOANYECKOMY PELLEHUIO C LIMKIOM NHBI 4.



Inf[e]:=

Inf[e]:=

Out[«]=

In[«]:=

In[«]:=

Out[«]=
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k = 3.5;

ListPlot [RecurrenceTable[{NN[n + 1] == kNN[n] (1 -NN[n]), NN[@] == 0.1}, NN, {n, @, 50}],
Joined - True, PlotLabel -» "k=3.5"]

k=3.5
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K = 3.569946 aBnsaeTca npegenom GopMrMpoBaHus LMKIOB c nepnogoM 2”7 v npu A* ocyuiecTenseTcs
Mepexog, K XaoTM4YeCKoOMY MOBEAEHUIO PELIEHNSI AUCKPETHOW IOrMCTUYECKOW MOLENN, T.€. NP
k> Kk =3.569946 pelueHne SBASETCS HeNepnognyecknm. 3To NpuMep AeTeEPMMHMPOBAHHOIO Xaoca.

k = 3.7;

ListPlot [RecurrenceTable[{NN[n +1] == KNN[n] (1-NN[n]), NN[@] == 0.1}, NN, {n, O, 300}],
Joined - True, PlotLabel -» "k=3.7"]

k=3.7
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3apaHue 3.3 (BudypkaunoHHas anarpamma)

MocTpoiiTe 6UdypKaUMOHHYIO Anarpammy B ha3oBo-NapaMeTpruyeckoM NpocTpaHcTee (k, M) gns
BUCKPETHOM NorncTnyeckon Mmogenu (4) npu2 < k<4,



6 | MMDPI1_LB6_DiscreteMM_2025.nb

Z

=

O6paTuTe BHUMaHKE Ha NOsIB/IeHWE “CBET/IbIX” MPOMEXYTKOB C NEPUOSUYECKUM NOBEAEHNEM NPU
k> Kk =3.569945.

PeKOMeH,EI,aLI,I/Il/I MO BbIMOTHEHWIO
m [1515 NOCTPOEHMS peLeHUsl AUCKPETHOM NOTUCTUHECKON MOAENTM MOXHO UCMOJIb30BaTb CliedyoLLyo
PEKYPCUBHYIO PYHKLNIO
In[«]:= NN[k_] [0] = 0.5;
NN[k_] [n_Integer?Positive] := NN[k][n] = kNN[k][n-1] * (1 -NN[k][n-1])

m [15151 NOCTPOeHMs 6UdYPKALMOHHON AnarpaMmbl HEOBXOANMMO U3MEHSATb 3HAYEHME NapamMeTpa AC
MasbIM LWarom, Hanpumep, pasHbiM 0.001, 1 N5 KXKAOM0 3HAYEHMS NapameTpa n3obpaxaTthb Ha
rpadurke 3HaYeHNsI COOTBETCTBYIOLENO pelleHnst Ha utepaumax 100 < n< 150, nonaras, 4To
3aJaHHble 3HaYeHMs 17 ByayT COOTBETCTBOBATb YCTAHOBIEHUIO PeLLEHMS Ha HEMOABMXHbIX TOYKaX.

3apaHue 3.4 (CBoncTBO camMonofobms peweHus)

MocTpoiiTe 6UdypKaUMOHHYIO AnarpaMmy B ha3oBo-NapamMeTpUYeCcKoM NpocTpaHcTBe (A, V) ans
AVCKPETHON normuctudeckorn mogenu (4) npu 3.7 < k< 3.704.

N
0.708

0.706 |-&
0.704

0.702

ey

AR
3.701 3.702

L L

3.703

ITO ABAAETCA UANKOCTPaLMEN CBOMCTBA CaMONOA06UA eTEePMUHNPOBAHHbIX CUCTEM C XaOTUYECKUM
noBegeHneM nnmn pakTanbHON CTPYKTYPbl PeLleHms, KorAa noeegeHve gpparmeHTa o61actv NnofgobHo
Bcel obnacTu.
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3apaHue 4. budypkauroHHasa agnarpaMma ANCKPETHOM
Mopaenn Pnkepa

PaccmoTpum 6e3pasmepHyto mogenb Pukepa (2) ns 3agaHus 1
Ny = N, & ") rpe k> 0.

MocTpoiiTe bUdypKaLMOHHYIO AnarpaMmy B ha3oBO-MapaMeTpUYeCcKoM NpocTpaHcTae (k, N) ans
mMogenu Pukepa npu A> 0.

3apaHue 5. l'eHepaums nocnegoBaTe/IbHOCTH
nceBOoOCNyYanMHbIX YMUCen

CyLIJ,eCTBOBaHVIe PEXNMOB XaOTU4ECKOro noBefeHnsa QUCKPETHbIX ANHAMUYECKNX CUCTEM
ncnonb3yeTca Ansa nocTpoeHud I'IOCJ'Iep,OBaTEJ'IbHOCTEI‘/'I I'ICQB,D,OCJ'IyHaI\/’IHbIX qyuycen.

MprYMepPOM MOXET CNYXMUTb Cleayollas AUCKPeTHas AMHaMUYecKas cucTema afisg reHepauun ymcen,
paBHOMEPHO pacnpegesieHHbIX Ha oTpeske [0, 1]

Xm1= | 100Log[x,] mod1 |, ()

rae ocTaToK OT fileNieHUs Ha 1 Bo3BpalliaeT ,Cl,pO6HyI'O 4acCTb AN4 NOJIOXUTENBbHOIO Yncna

ini-]- {Mod[@.3, 1], Mod[-©.3, 1]}

out[e]=
(0.3, 0.7}

,U,flﬂ reHepauny nocneoBaTeNbHOCTU I'ICGB,U,OCJ'Iy‘-Ial\/JIHbIX 4ymncen ncnonb3lyeTcd Ha4dasibHOe COCTOAHME
X0 = 0.1

in[-1:= Histograme
RecurrenceTable[ {x[n +1] == Abs[Mod[100 Log[x[n]], 1]1], x[@] ==0.1}, X, {n, 1, 1000}]

out[e]=

100 -

80 -
60 -
40

20 -

0.2 0.4 0.6 0.8 1.0

3apaHue 5.1 (CpaBHeHwMe)

CpaBHMUTe MaTeMaTU4yeckoe oxungarve (Mean) n gucnepcuto (Variance) ons creHepMpoBaHHOM
Mocnef0BaTe/IbHOCTY C aHA/IOTMYHbIMU XapaKTepUCcTUKammn BcTpoeHHon dyHKumm UniformDistribu-
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tion, uMnTHpYylOLW el HenpepbiBHOE paBHOMEPHOE pacnpefesieHne cnyd4aiHol BeNMYUHbI Ha
3alaHHOM OTpe3kKe.

in[-]:= ?UniformDistribution

out[e]=

Symbol

UniformDistribution[{min, max}] represents a

continuous uniform statistical distribution giving values between min and max.
UniformDistribution[] represents a uniform distribution giving values between 0 and 1.
UniformDistribution[{{x,.in, Xmax}: Vmins Ymaxh ---}] represents

a multivariate uniform distribution over the region {{xmin, Xmaxh Vmini Ymaxh ---}-
UniformDistribution[n] represents a multivariate

uniform distribution over the standard » dimensional unit hypercube.

v

in[-]:= ? RandomVariate
Out[«]=

Symbol

RandomVariate[dist?] gives a pseudorandom variate from the symbolic distribution dis.
RandomVariate[dist, n] gives a list of n pseudorandom variates from the symbolic distribution disz.
RandomVariate[dist, {n, ny, ...} gives an n; x nyx ...

array of pseudorandom variates from the symbolic distribution disz.

v

in[-1:= Histogram@ RandomVariate [UniformDistribution[{0, 1}], 1000]

Out[«]=
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in[-]:= ? Mean

Out[e]=

Symbol

Meanldata] gives the mean estimate of the elements in dara.
Mean|[dist] gives the mean of the distribution dist.

v
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in[-]:= ?Variance
out[e]=

Symbol

Variance[data] gives the variance estimate of the elements in data.
Variance[dist] gives the variance of the distribution disz.

v

3agaHue 5.2 (AnckpeTHas AnHaMmMyeckas cuctema)

HaipuTte B nuTepaType Apyrov npuMep ANCKPETHOM ANHAMUYECKOMN CUCTEMbI /1S FTeHepauun
NCeB[OCAyYalHbIX YNCEN, HAaNpUMep, CM. [6]. YKaXXnTe CCbI/IKY Ha UCTOYHUK, KOTOPbIV Bbl Hawwn.

MN306pazuTe cnyyaiiHble YACNA, BbIYUCIUTE MAaTEMATUYECKOE OXMAAHMNE U UCNIEPCUIO, CPABHUTE C
AHA/IOrMYHBIMU XapPaKTEPUCTUKAMM BCTPOEHHON DYHKLUN, UMUTUPYIOLLEN COOTBETCTBYOLLEE
pacnpepenerne (Hanpumep, UniformDistribution, NormalDistribution, LogNormalDistribution,
BetaDistribution, BinomialDistribution, NegativeBinomialDistribution, PoissonDistribution).

in[-]:= Names ["+Distribution"] // Length

out[e]=
167
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