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7.1 Cxoaumocts. Jlemma Cea

IIpeamonokuM, ITO HEOOXOANMO HANWTH perterne u € V BapHAIMOHHOM 33144,
a(u,v) =1l(v) YveV, (1)

KOTOpPasd MOCTPOEHA B THILOEPTOBOM MPOCTPAHCTBE V' 19 HEKOTOPOI S/LIUNTHIECKON KPACBO 3a1a9n
BTOpOro mopsiika B obsactu (2. Ilosaraem, uto BapmarmonHas 3amada (1) yZOBIETBODSIET YCIOBHUIM
semmbl Jlakca-Muabrpama, 9T0 rapaHTAPYET €€ OJHO3HAUHYIO PA3PEIUMOCTb. PaccMOTpuM MHOZKE-
CTBO MPOCTPAHCTB KOHEUHBIX 3sieMenToB V C V rmwisbeprosa npocrpaHcTsa V), 1iie napaMerp JUCcKpe-
tuszanuu h > 0 (MakCUMaNbHBIA quaMeTp 31eMeHTOB pasbuenus 06aacTu ()) ABAAETCS ONPEAEAIONINM
KOHEYIHO-3/IEMEHTHOTO ITpocTpancTsa Vy,. rsa Kazkmoro mpocTpancrsa Vy, 13 MHOXKECTBA CTPOUTCS JNC-
KpeTHoe pererne up € Vj COOTBETCTBYIONIEH JIUCKPETHON 331341

a(up,vy) = l(vy) Yop € V. (2)
ToBOPAT, YTO MHOKECTBO JAMCKPETHBIX 33/1a9 BUAA (2) CXOJUTCS UM WMEET MECTO CXOAUMOCTh, €C/IHN

lim |Ju — =0
hg%”“ 'th||V 3

TJle U SIBJISIETCsT PEIlieHreM BapuaImoHHoi 3amaun (1), uj, — pelenneM TUCKPETHOH 3a1aun (2).

ArnipuopHbIe OIeHKU omubKn (U — Up) METOJA KOHEUHBIX 3/IEMEHTOB — 3TO ACHMMIOTOTUIECKUE
VTBEPKICHUS O CKOPOCTH CXOAMMOCTH OIMUOKK IIPH CTPEMJICHUH [TapaMeTpa TUCKPETH3aluu h K HyJIo,
TMOCTPOEHHBIE HA, OCHOBAHUW CBOMCTB permennsd u € V mcXoaHON BapuamoHHON 3a1aun (1) B anpuop-
HBIX OLICHKAX OmMMOKH mHQOpManyua O CBOMCTBAX NTUCKPETHOrO PEIICHHUd Up € Vi He HUCIoab3yercd. B
KaueCTBe Mepbl OMMMOKM BHIOMPAETCS TTOAXOAAIIAA HOPMA ||u — up ||, HApUMED, HOpMa B IPOCTPAHCTBE
Lo(Q) wmm HY(Q) wmu Lo (). Anpuopras onenka He XapaKTepusyerT ommbKy (u — upy) Ha (PUKCHPO-
BaHHOI cerke pacdyerHoil o6/acry, a 0Ka3blBaer, HACKOJIbKO 0XKMJIAETICH BhIUIPhILL 110 TOYHOCTH LIpU
YMEHBITIeHN 3HAYCHWS TTapaMeTpa JUCKPeTH3annn A, 9T0 COOTBETCTBYET M3MEJTbIeHUI0 CeTKH.

MeTo/1 KOHEUHBIX 57eMEHTOB HMEET MOPSA0K cxomumoctu { min meer Mecto cxonumocts O(hY)
B HOpME HEKOTOPOTO TIPOCTPAHCTBA X , €CJIN JIJIsT MAJIOTO 3HAYEHU TapaMeTpa i CyIecTByeT KOHCTaHTa
C, He 3aBHCAIIAL OT h, 9TO CIPABEIJIABO

l[u —up||x < ChY wnn |ju —up||x = O(RY).
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[Mopsiiok cXOAMMOCTH XapaKTepu3yeT CKOPOCTh CXOAWMOCTH MO Mepe M3MeJbIeHus ceTKu. OTMeTunM,
4TO WHMOPMAIIUS O HAMITYUIeM (ONTHMATBHOM) MOPSIIKE CXOMAUMOCTH £ MEeTOa KOHEUHBIX 3JIEMEHTOB
YaCTO W3BECTHA, TOTJA KaK KOJUIECTBEHHBIE OIEHKM KOHCTAaHTh C MMEIOTCS TOJMHKO B CHEaIbHBIX
caydasx. Ciuenyrorue (hakKTOPbl UTPAIOT BAXKHYIO POJIb DU OIIPEIEJIEHUN BEJIMUUHBI MOPSIIKA CXOJIN-
mocTu £ u koucTauThl C' B APUOPHOI OIEHKE OMMUOKH:

1. cBoficTBO ryIAKOCTH TOYHOTO pemtenust u € H*(§2);

2. TUI KOHEYHBIX 3JIEMEHTOB IIPOCTPAHCTBA V},; B YACTHOCTH, CTEIIeHb MHOTOUIeHa Kk B OTIPeIe/IeHuN
0a3MCHBIX (PYHKITUH KOHEUHOTO DJIEMEHTA;

3. HOpMA, B KOTOPOIl OIeHnBaeTCs OmubKa, Hanpumep, Lo-sopma mmn H'-mopma mmn La-HOpMA;
4. tun snemenToB pasbuenus obaacTu (HAIPUMED, TPEYTOJIBHUKY MM 9eThIPeXyrobhuku B 2D);

5. kBajparypHble (KybaTypHbIE) GOPMYIIBI, UCIOTB3YEMBIE JJIsi TIPUOTHZKEHHOTO BBIYUCICHMS HH-
TerpanoB B OunmHenHo# u auHelHol dhopMmax BapuannoHHON 3a1aun (1);

6. cmocol anmpOKCUMALMY MCKPUBJICHHON rpamunsl obmactu 0f).

B naspHeifeM moaraeM, 9To CETKa COCTOUT U3 TPEYTOJBHBIX 9JIEMEHTOB (I1.4), WHTerpasbl JJisi Ba-
PHAIMOHHOM 3a/a4i BBEIYHCISIOTC To4HO (1.5), obmacts 1 C R? apisercs orpaHmaeHHBIM MHOTO-
yroasaukoM (11.6). Torma ampropHast omeHKa oMMOKH OyIeT 3aBUCETh OT IJIAJKOCTH TOYHOTO PEIIEeHUsT
u € H*(Q) (n.1), or crenenn k noJmHOMUAIBHON ANIPOKCUMAINN METO/a KOHEYHBIX 9J1eMeHTOB (11.2)
W OT HOPMBI, B KOTODPOii oreHuBaeTcst omubka (1.3).

Curesiyroras jjeMMa MOKa3bIBAeT, YTO MCC/EBAHUE BOMPOCA CXOAMMOCTH CBOAMTCS K 3ajade afl-
npokcumariuu pyukimu u € V dyukiusaymu u3 V.

JIlemma 7.1 (Cea). ITycms Gusunetinas gopma a 'V XV — R a644emcesa HeNPepuieHOl U SAAUNMU-
yeckotli 6 V
la(u,v)| < Cllullv|vlly Vu,v eV,

a(v,v) > al||} YveV.

Hycms U ABAZEMCA PEUIEHUEM SAPUCUUOHHOT 3a00Y4:
Hatimu u € V, 2de  a(u,v) =1l(v) YveV,
Up, ABAACMCA Juckpemmvim peweruem 6 Vi C Ve
Hatimu up, € Vi, 20e  a(up,vp) = l(vy) Yop € Vj,.
Tozda cnpasedausa ouenka c
le—willy <o it [l wllv. ®)
Hoxazameavemeo. Tak kak vy, € Vi, u Vi, C V| careoBaresibio vy, € V' 1 BBIIOJIHSIOTCS YPABHEHUS
a(u,vp) = l(vy) Vop € Vp.

PasHocTh BapUaIlMOHHBLIX ypaBHeHHil, chOpMyIMPOBaHHbIX Jida byHKIui v, € Vj, IPUBOAUT K COOT-
HOIIeHU M
a(u —up,vp) =0 Yo, € V. (4)
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[Moryuentoe cOOTHOIIEHNE XapaKTEPU3yeT OPTOTOHAIBHOCTD OMMOKY (U — up) Merona Lamepkuna
MOJITPOCTPAHCTBY V}, OTHOCUTETHHO CKAISPHOTO TIPON3BE/ICHUS, 33 JaHHOr0 OunHeiiHo# dhopMoit a-, ).
Paccmorpum bunmneiinyio popmy oT OnmdKn

a(lu —up,u—up) = alu—up,u—vy~+ vy, —up)

a(u — up,u — vp) + a(u — up, vy — up)
= a(u—up,u —vp) < Cllu —up||v||u —vpllv.

[Tocennee cooTHOIEHNE CIPABEIJIMBO /I TPOU3BOIBHON (hyHKIME v), € V. B ety simuntuanocTn
burHelHO (GOPMBI UMeeM, UTO

a(u — up,u —up) > allu— uhH%/

Torma,
C
||u—uh]|v < EHU_ 'UhHV Yoy, € V},.

B cuny npowmsBosibHOCTH BBIOOpA Vp, MOJIYyYEHHAS OIEHKA CIPABEJINBA, TAKYKE JJIsi MUHUMAJILHON Ba-
puanuu 1o BceM PYHKIUS IPOCTPAHCTBA Vj,

C .
llu—uplly < — inf |jlu—vp||y.
o v eV

Teopema mokazaHa. O

3ameuanue 7.1. Ormernm, uro koncranta C'/a onpenenserca BapuallMoOHHON 3ajadeil U He 3aBUCUT
o1 BbIOOpA TOAIPOCTPAHCTBA V.

Sameuwanue 7.2. Tlo oupenenennto 1t CXOAUMOCTU METOA KOHEYHBIX 3JIEMEHTOB HEOOXOIMMO BbIIIO/I-
HeHnue yCJIO0BHUA

lim Hu - uth =0.

h—0

Coracuo Jlemme Cea 1oCcTaTOYHBIM YCJIOBHE CXOAMMOCTU METOLA KOHEYHbBIX IJIEMEHTOB SB-
JIFETCs1 CyNIeCTBOBaHME MHO)KeCcTBa noanpocrpancts (V3) mpocrpancrsa V' takoro, uro

lim inf ||lu —vp|ly =0.
h—0 v, V) ” ||
Sameuanue 7.3. Jlemma Cea nokasbiBaer, 4TO PACCTOSIHUE MEXK/IY PEIICHUEM BapUAlMOHHOM 3a/a4u
U ¥ peIIeHUEM JIICKPETHON 3aJadll Uj ONEHUBACTCS MUHUMAJIBHBIM PACCTOAHUEM MEXK/Y U M BCEMU
sseMmenTamu u3 Vi, ¢ To9H0CThio 10 MHOKuTensa C/a. Sasaua onenuBanust ommbku ||u—up ||y cBopures
K 3ajade TEOPUM allPOKCUMAIINY: BEIYUCINThL paccrognune d(u, Vi) = inf ||u — vp|ly mexay dbynk-
v €Vh

nueit v € V u mognpoctpaucrsoMm Vi, C V wim HOPpMY Pa3HOCTH MEXKIY PEIeHUEM U U €r0 MPOeKIneit

Ha TTPOCTPaHCTBO V. BeTaer BOTPOC 0 TOYHOCTH AlMPOKCHMAIINN 33, JaHHOMN (DYHKINA % (DYHKITHIMHI

u3 Vj. B obmem ciydae omubKy ammpoKCUMAIim ing ||u — vp||v moayanTs TsIKe0, HOITOMY OHIMG-
VhEVR

Ka ammrpoOKCHMAIINK 3aMeHgeTcd ommokoit wurepuoaganun: [Iycrs Ipu € V), wHTEpHOASHT perenus u,
TOTIA

inf — < -1 .
v;lelvh\lu vpllv < lu — Thullv
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7.2 OneHka oNMMOKY MHTEPIIOJANNN AJs TPEYTOJbHOTO pa3bmeHusd o00JacTu

Paccmorpum ciygait moxaabHON AUHERHON MHTEPIOMANINY 33 aHHON QYHKIINT U HA TPEYTOILHUKE
T 110 3HaYeHNUsIM B BEPIIUHAX TPEYrOJbHUKA aj, ¢ = 1,3

Iru(€) =Y ula)hi(§) €€T,

i=1
rae A (§) GapunenTpudecKkue KOOPAMHATH OTHOCUTETHHO Tpeyroabuauka 1 = conv{ay, as, as}.

Jdemma 7.2. [Jaa npoussoavnoti dymsyuu v € H2(T) owubka unmepnossyuu (u — Iru) dra au-
netinozo unmepnoaswma Ipu wa mpeyzosvnure T co snavenusmu Iru(a;) = u(a;) ydosaemseopaem
CACOYIOULUM OUEHKAM

| = Irullor < Cib||ullar,  |lu— Irullr < Cohr|lullor
¢ xoncmarmamu Ch u Co, Hezasucumvmy om duamemps mpeyzorvrukae hy.

JaHHYI0 OIEHKY OIMUOKYW WHTEPIOJISANNNA MOXKHO 0DOOIIUTL HA CJIyYail MHTEPHOIAnn (PYHKINN
u € H? () xycouno-uHeitnoit (hyHKIIIel, COOTBETCTBYOIEH pazbuennio 061acTu ) Ha TPeyroIbHIKHA.

Teopema 7.1. Ilycmv h = max hr maxcumarvrul duamemp mpeyzosvhukos pasbuenus Ty. Tozda
€lh

npu yeaosuu, wmo u € H2(SY), daa owubru wycouno-sunetinoti unmepnoaayuu (u — Ipu) na obracmu
Q cnpasedauco
lu = Inullo < Cih?|lulla,  |lu— Thullr < Cohl|ulls,

2de xonemanmom C1 u Co ne sasucam om h.

IIpuBenem pesynbrar 0b60bmenns Ha ciaydail KycouHo# mHTEpHO/anuu PyHKIMH U MHOTOUICHAME
cremenn k na obactu 2.

Teopema 7.2. Iycmo h = max hr MaxCUMaABHYT JUAMEMDP BCET MPEYLOALHUKOE KEA3U-00HOPOOHOT
€lh

mpuanzyayuy. Tozda npu yeaosuu, wmo v € H¥H(Q), das owubku unmepnosayus MrozowaeHnamu
cmeneny k 1a KaHcoOM MPeyeosvoHOM INEMEHME UMEEM, YO

lu = Tnulln < CE 1= lullir, 0 < <kt 1
20e xonemanma C = C(Q, k).

Bun warepnonmpytomieit dyuknuu Ipu ompesensiercss THIOM HCIOIb3yeMO KOHEUHOIIEMEHTHOM
anmmporcuManuu. [Ipw sTom TpemonaraeTces, ITO BCe Y3/I0BBIe TapaMeTPhl HHTEPIIOIAIINN ONpeIeTeHb
Touno. Pa3bruenne nHa3piBaeTCd KBa3U-OJHOPOIHBIM, €CJIN CYIECTBYeT 0 = const > (0, 4To

h
T <6 YT ET,
pr

rae hy — jaumamerp TpeyrosbHuKa (MAKCMMAJIbHOE PACCTOSHIE MEXKJLY JIBYMS TOUKAMU TPEYTOJbHUKA),
pT IWAMEeTP OKPYXKHOCTH, Brimcanuo# B 1.



Tema 7, JIB Merom KoHEIHBIX 3/1IeMEeHTOB, JlaBpoa O.A. (MM® BI'Y), 2021

7.3 AnpuopHas oneHKa omubku B H'-HOopMme

Jnst ciyuas u € V = HY(Q) cupaseymsa onernka u3 Jlemvnr Cea
C
— < — inf — .
o=l < < it [l —enll

N3 Teopembl 7.2, B 4acTHOCTH, CJAEIAyET, 9TO AITPUOPHAs ONEHKa Ommbkm mpu m = 1 mjaa Meroma
KOHEYHBIX IEMEHTOB k-TO MOps/IKa (JIOKATbHBII MOPAI0K TOYHOCTH ANIPOKCUMAITUHA KOHEIHBIME JJ1e-
MEHTaMU) Ha TPEyTOJBHON CeTKe MMeeT BUJI

C
lu—up|l1 < EHU—Ihqu < Ch¥||ul |41

npu yeaosun, 9to u € HFTL(Q). B wactHOCTH, OmEOKA JHHEHHOIO METOTa KOHEYHBIX IEMEHTOB Ha
TPEyTONBHOMN CeTKe B HOpMe TpocTpancTa H1(§)) mMeer mepBblii HOPSIOK CXOIMMOCTH IIPH YCIOBHMI
u € H?(Q). Tlocrpoennas anpuopHast OIEHKA CIIPABETHBA, 15 CyYas AHATHTHIECKOTO BBIUHC/ICHST
HHTErpasioB (1m.5) ¥ MHOTOYTOJBHOM 06JACTH TIPH TOYHOM COTJIACOBAHUU MPAHUYHBIX yCI0BHil (11.6).

Sameuanue 7.4. Cueayer OTMETUTH, 9TO XOTH ITOCTPOECHHAST OIEHKA, HE SBJISETCH HAW/IYYINeil, TeM He
Menee OOBIYHO MOXKHO TMOKa3aTh, YTO OHA HAMIYUINAs MO TMOPSAKY cxomumoctu. JIpyrumu cioBamu,
OIIEHKA HE MOYKET OBbITH YJIYUIIeHA 3aMEHO MHTEPIOAdHTa PYHKIINN U HA €€ MPOEKITHO.

Sameuarue 7.5. Onenka OmmOKYU MPUHUMAET BUJL
C K
[l = uplls < —flu = Iyulls < CR%|Julle41 + A,

r7ie BeTMYnHa J00aBOYHOrO WieHa A OMpenesseTcs THIOM allpOKCAMAIINN IPAHUYHBIX YCIOBUH
U/ CriocobOM anpOKCUMAIMH KPUBOJINHEAHBIX IPAHWI] ¥ /UM YUCIeHHBIM HHTerpupoBannem. Cxo-
JMMOCTD UMEeT MECTO, eC/IM BeJInunHa Bo3myenus umeer nopsiiok O(h®), s > 0. zmenentas Bo3my-
IIIeHUEM AMTPOKCAMAIINSA HA3BIBACTCA ONTUMAIBHOM, ECJIN MOPOXK,TaeMasd BO3MYIIEHEeM OITnbKa paBHa
O(hk), T.e. UMEET MECTO TOT K€ MMOPSI0K MAJIOCTH, 9TO U OMIUOKA WHTEPITOISITIH.

3amewarue 7.6. O61aCTH TPHMEHNMOCTH [TOCTPOEHHOH OINEHKN OTPAHMYeHA, TAaK KaK HHTEPIOJISHT
DEIITEHIS U OTIPE/IETEH TOMBKO B ITPETON0MKE I J0CTATOUHOM riaaakocTn pemrenns u € HF1(Q). Ecm
peIlleHne U He ABJSETCS CTOJIb [VIAJKNM, TO TOKA3aTe/b CTEEHH y h B OI€HKe OIMHOKH yMEeHBIITAeTC S
tax, aro mpu u € H¥ T1(Q) u k* < k mmeem

C .
[lu = unllr < EH“ — Iyully < CRY |[ul|ge 1.

Ecnu permenne u xkpaepoit 3amaum He HOCTATOYHO TJIAIKOE, TO UCIOJIH30BAHNE MHOTOUIEHOB BHICOKOT
CTeIleHN He YIyUIIaeT KadeCTBO allpOKCHMAIMH. AHAJOTHYHBIA BBIBOJ UHCTO 3KCIEPHMEHTAJILHLIM
crrocoboM OBLT TOYUeH WHXKEHEPAMU, KOTOPbIE PEeIKO WMCIOJL3YIOT MHOTOUIEHBI crTeneru > 4 misd
anMTPOKCUMAIIINH PeleHns KPAaeBbIX 33439 BTOPOTO TOPSIIKA.

7.4 AnpuopHasi OIleHKa OIMuOKN B Lo-HOpME

Teopema 7.2 06 orenke OMMUOKM WHTEPIIOISIINIA TO3BOJSET MPEATON0KNATH, ITO JIJIsI OMMUOKH JIv-
HEHHOTO MeTOJa KOHEUHLIX 3JIEMEHTOB B Lo-HopMe CIIpaBelInBa OLeHKa BHIA,

[lw = unllo < Ch?[Jull>

CO BTOPBIM MOPAIKOM CXOAMMOCTHU. JIIg moKa3aTebeTBa TAHHOTO YTBEPKIEHUS NCIOTBL3YETCS JIBOI-
CTBEHHBIN nipueM uau npueM Hurie.
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Jnst nemonctparun npuema HwuTite paccMOTpUM YacTHBIN Caydait ogmopoanoit 3agaqn Iupuxie
sl ypaBHenus Jlamiaca B BBITYK/IOH obmacTu €2

—Au=0 BQ, u=0 mnaod.
[Iycts dyHKINS 2 IBASETCS PElIeHreM BCIIOMOTATEIbHON 3a1adm
—Az=u—u, B, z=0 mnadf.
Torna crrpaseIMBO

u— ] = /Q (u — wp)2de = — /Q (1 — wp) At

[Mpunvenum HopmMysy UHTETPUPOBAHUS IO TACTIM

2 _ ) - _ — P = )
Hu—uh||0—/QV(u up,) - Vzdg (u uh)andﬁ—/QV(u up) - Vzdg.

o)
JlaJiee BOCIOJIL3YeMCsl CBOMCTBOM OPTOrOHAJILHOCTH OmubKK Meroja lasepkuHa
a(u —up,vp) =0 Yo, € Vj.

J1s paccMaTpuBaeMoil 3a/IaYUN UMeeM, UTO
/ V(u — uh) . Vvhd§ =0 Yo € V.
Q

[Mycte Iz aBasiercs TUHEHHBIM WHTEPIOIAHTOM (DYHKIME 2 TIO 3HAYEHUSM B y3jax ceTku. [lojaraem
v, = Ipz m w3 BHIpazKenna 17a ||u — up||3 BEIMETaEM COOTHOTIEHIE OPTOTOHATLHOCTH ONTHOKH

|Ju — upl|g = /QV(u —up) - V(z — Ipz)d€.
Hanee nHepaperncTBo Komm-ITIBapiia mpuBOIUT K OIEHKE
llu = upllg < fu—upli|z — Iz,
KOTOpas MOZKeT GBITh ocsiabiieHa mepexonoM K Hl-nopme B mpaBoil uacTu
[l = unlf§ < [lu—un|li]lz = Inz[]1.

Jlasiee yanTHIBAETCS MOIyUeHHAS OTleHKa ommbKu B H ' -HOpMe

[lu = unlly < Chllull2,
¥ OTEHKA OmMuOKK mHTEepHoaduu, cormacao Teopeme 7.2,

|1z = Inz|l1 < Chllz][2.

B pesyabrare nmeem, aTo
llu = upllg < CR?[Julla||2]2-

CorytacHo (hopMyIMPOBKE BCIIOMOIaTE/bHON 3a4a49n (DYHKIMS 2 3aBUCAT OT OMMOKU U — up. B Teopun
/IUITHYECKUX AudDepeHnmaIbHbIX yPABHEHNH U3BECTHO, UTO PeIleHne OJHOPOAHOM 3amaun upu-
XJIe 715 ypaBHeHHs Jlammaca B BBEITYK/ION 061acTH TPHHAIIEKHT IpocTpancTBy H2(Q), mpu sToM
CIIPABE/IJIMBA, OIEHKA

[lz]l2 < Cllu — uplfo.

Taxkwum obpazom, moydaem OnenKy ommbku B Lo-HOPME B BHIE
[lu — unllo < CR?|[ulfa.

B caydae HeBbInyKJIBIX 00J1aCTel MM DOJIEE CI0KHBIX I'DAHUYHBIX YCJIOBUH BTOPOH MOPAIOK CXOIMMO-
ctu B Lo-HOpMeE He sIBJISIETCS TapaHTHPOBAHHBIM.

SagaHnsg
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