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1 Ââåäåíèå

2 Èíòåãðàëüíàÿ ôîðìóëèðîâêà ýëëèïòè÷åñêîé êðàåâîé çàäà÷è âòî-

ðîãî ïîðÿäêà

3 Ïðîñòðàíñòâà Ñîáîëåâà

4 Ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ âàðèàöèîííîé çàäà÷è

5 Ìåòîä Ãàëåðêèíà. Ïðîñòðàíñòâî êîíå÷íûõ ýëåìåíòîâ

6 Ïîñòðîåíèå äèñêðåòíîé çàäà÷è äëÿ ïðîñòðàíñòâà P1-ýëåìåíòîâ

Ñóùåñòâóåò äâà ñïîñîáà ïîñòðîåíèÿ äèñêðåòíîé çàäà÷è: ïîóçëîâîå ïîñòðîåíèå è ïîýëåìåíò-
íîå ïîñòðîåíèå. Ïîóçëîâîå ïîñòðîåíèå îñíîâàíî íà îáõîäå ñåòêè Th, ïîñòðîåííîé â îáëàñòè Ω, îò
óçëà ê óçëó è èñïîëüçîâàíèè (ãëîáàëüíûõ) áàçèñíûõ ôóíêöèé {ψi}ni=1 ïðîñòðàíñòâà êîíå÷íûõ
ýëåìåíòîâ Vh. Ïîóçëîâîå ïîñòðîåíèå äèñêðåòíîé çàäà÷è ïðèìåíèìî òîëüêî íà ñåòêàõ, êîãäà ïî
èíäåêñó óçëà ìîæíî îïðåäåëèòü âñå ýëåìåíòû ñåòêè, ýòîò óçåë ñîäåðæàùèå. Ïîýëåìåíòíîå ïîñòðî-
åíèå îñíîâàíî íà îáõîäå ñåòêè îò ýëåìåíòà ê ýëåìåíòó è èñïîëüçîâàíèè (ëîêàëüíûõ) áàçèñíûõ
ôóíêöèé {Li}si=1 êàæäîãî êîíå÷íîãî ýëåìåíòà (Tm,ΠTm ,ΣTm), ïîñòðîåííîãî íà ýëåìåíòå ñåòêè
Tm ∈ Th. Íåîáõîäèìûì óñëîâèåì ðåàëèçàöèè ïîýëåìåíòíîãî ïîäõîäà ÿâëÿåòñÿ ïîñòðîåíèå òàáëè-
öû ñîîòâåòñòâèÿ ¾ýëåìåíò-óçëû¿, ãäå äëÿ óçëîâ çàäàåòñÿ êàê ëîêàëüíàÿ íóìåðàöèÿ íà ýëåìåíòå,
òàê è ãëîáàëüíàÿ íóìåðàöèÿ âî âñåé ðàñ÷åòíîé îáëàñòè. Ïîýëåìåíòíûé ïîäõîä èñïîëüçóåòñÿ â
áîëüøèíñòâå êîìïüþòåðíûõ ðåàëèçàöèé ìåòîäà êîíå÷íûõ ýëåìåíòîâ.

Ðàññìîòðèì ïîýëåìåíòíîå ïîñòðîåíèå äècêðåòíîé çàäà÷è â ïðîñòðàíñòâå P1-ýëåìåíòîâ (êóñî÷-
íî-ëèíåéíàÿ íåïðåðûâíàÿ àïïðîêñèìàöèÿ íà òðåóãîëüíûõ ýëåìåíòàõ ñåòêè ïî çíà÷åíèÿì â óçëàõ
ñåòêè). Ðàññìîòðèì ìàòåìàòè÷åñêóþ ìîäåëü â âèäå íåîäíîðîäíîé çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ
Ïóàññîíà â îáëàñòè Ω ∈ R2

−∆u(x, y) = f(x, y) (x, y) ∈ Ω

u(x, y) = gD(x, y) (x, y) ∈ ∂Ω.

Ñîîòâåòñòâóþùàÿ åé âàðèàöèîííàÿ çàäà÷à, ñì. ïîäðàçäåë 4.1:
Íàéòè w(x, y) + u0(x, y) ∈

{
u ∈ H1(Ω) : u = gD íà ∂Ω

}
äëÿ w ∈ H1

0 (Ω) òàêóþ, ÷òî

a(w, v) = l(v) ∀v ∈ H1
0 (Ω),

ãäå

a(w, v) =

∫
Ω
∇w · ∇vdxdy, l(v) =

∫
Ω
fvdxdy − a(u0, v),

ôóíêöèÿ u0(x, y) ÿâëÿåòñÿ çàäàííîé è îïðåäåëÿåòñÿ êàê ïðîäîëæåíèå ôóíêöèè gD(x, y) ñ ãðàíèöû
îáëàñòè ∂Ω íà âñþ îáëàñòü Ω.

Ïðèìåíåíèå ìåòîäà Ãàëåðêèíà ê âàðèàöèîííîé çàäà÷å ïðèâîäèò ê äèñêðåòíîé çàäà÷å â âèäå
ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ñì. ïðåäûäóùóþ òåìó. Ýëåìåíòû ìàòðèöû ñèñòå-
ìû A = (Aij)

n
i,j=1 âû÷èñëÿþòñÿ èíòåãðèðîâàíèåì ïî òðåóãîëüíûì ýëåìåíòàì ñåòêè

Aij = a(ψj , ψi) =

∫
Ω
∇ψj · ∇ψidxdy =

∑
Tm∈Th,ai,aj∈Tm

∫
Tm

∇ψj · ∇ψidxdy =
∑

Tm∈Th,ai,aj∈Tm

A
(m)
ij ,

A
(m)
ij :=

∫
Tm

∇ψj · ∇ψidxdy.
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Îáîçíà÷èì âåðøèíû òðåóãîëüíèêà Tm êàê ar1 , ar2 , ar3 ïðè îáõîäå ïðîòèâ ÷àñîâîé ñòðåëêè, Tm =
conv ({ar1 , ar2 , ar3}). Òîãäà äëÿ ôèêñèðîâàííîãî ýëåìåíòà îáëàñòè Tm èìååì, ÷òî

A
(m)
ij ̸= 0, åñëè i, j ∈ {r1, r2, r3} , A

(m)
ij = 0, åñëè i, j /∈ {r1, r2, r3} .

Ìàòðèöà Â(m) ∈ R3×3, ñîñòàâëåííàÿ èç íåíóëåâûõ çíà÷åíèé A
(m)
rkrl , íàçûâàåòñÿ ëîêàëüíîé ìàò-

ðèöåé ñèñòåìû

Â(m) :=

A
(m)
r1r1 A

(m)
r1r2 A

(m)
r1r3

A
(m)
r2r1 A

(m)
r2r2 A

(m)
r2r3

A
(m)
r3r1 A

(m)
r3r2 A

(m)
r3r3

 .

Êàæäûé ýëåìåíò Tm ñåòêè Th äåëàåò âêëàä â âû÷èñëåíèå ìàòðèöû ñèñòåìû A ñëåäóþùèì îáðà-
çîì: åñëè ìû ïîñòàâèì ñîîòâåòñòâèå ìåæäó ãëîáàëüíîé íóìåðàöèåé óçëîâ è ëîêàëüíîé íóìåðà-
öèåé óçëîâ íà êàæäîì òðåóãîëüíèêå Tm = conv ({ar1 , ar2 , ar3}) = conv ({â1, â2, â3}), òîãäà

Anewrirj = Aoldrirj + Â
(m)
ij , i, j = 1, 3.

Èìååì, ÷òî êàæäîìó ýëåìåíòó ñåòêè Tm ñîîòâåòñòâóåò èçìåíåíèå äåâÿòè ýëåìåíòîâ ìàòðèöû
ñèñòåìû A äëÿ ñëó÷àÿ P1-ýëåìåíòîâ. Ïîñòðîèì ñîîòíîøåíèÿ äëÿ âû÷èñëåíèÿ ýëåìåíòîâ ëîêàëü-
íîé ìàòðèöû Â(m) ñ èñïîëüçîâàíèåì ëîêàëüíîãî áàçèñà êîíå÷íîãî ýëåìåíòà íà Tm è ïåðåõîäà ê
òèïîâîìó ýëåìåíòó T̂

A(m)
rirj =

∫
Tm

∇ξψrj (x, y) · ∇ξψri(x, y)dxdy
ïåðåõîä ê ëîêàëüíîé íóìåðàöèè

=

=

∫
Tm

∇ξLj(x, y) · ∇ξLi(x, y)dxdy
ïåðåõîä ê òèïîâîìó ýëåìåíòó

=

=

∫
T̂
∇ξ

(
Lj ◦ FTm(ξ̂)

)
· ∇ξ

(
Li ◦ FTm(ξ̂)

)
|detBTm | dx̂dŷ

Lk◦FTm (ξ̂):=L̂k(ξ̂)
=

= |detBTm |
∫
T̂
∇ξL̂j(ξ̂) · ∇ξL̂i(ξ̂)dx̂dŷ

∇ξ=B
−T
Tm

∇ξ̂
=

= |detBTm |
∫
T̂

(
B−T
Tm

∇ξ̂L̂j(ξ̂)
)
·
(
B−T
Tm

∇ξ̂L̂i(ξ̂)
)
dx̂dŷ.

Òàê êàê áàçèñíûå ôóíêöèè {L̂i}3i=1 ÿâëÿþòñÿ ëèíåéíûìè íà òèïîâîì ýëåìåíòå T̂ , ïîýòîìó ãðà-
äèåíò îò áàçèñíîé ôóíêöèè ÿâëÿåòñÿ êîíñòàíòîé íà T̂ è èíòåãðàë âû÷èñëÿåòñÿ òî÷íî

A(m)
rirj = 0.5 |detBTm |

(
B−T
Tm

∇ξ̂L̂j(ξ̂)
)
·
(
B−T
Tm

∇ξ̂L̂i(ξ̂)
)
=

= S(Tm)
((
B−1
Tm
B−T
Tm

)
∇ξ̂L̂j(ξ̂)

)
· ∇ξ̂L̂i(ξ̂) =

=
(
C(m)∇ξ̂L̂j(ξ̂)

)
· ∇ξ̂L̂i(ξ̂),

C(m) = S(Tm)
(
BT
TmBTm

)−1
= S(Tm)

((
bT1
bT2

)(
b1 b2

))−1

= S(Tm)

(
b1 · b1 b1 · b2
b1 · b2 b2 · b2

)−1

=

=
S(Tm)

det (BTm)
2

(
b2 · b2 −b1 · b2
−b1 · b2 b1 · b1

)
=

1

4S(Tm)

(
b2 · b2 −b1 · b2
−b1 · b2 b1 · b1

)
,
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ãäå b1 = a2 − a1, b2 = a3 − a1. Áàçèñíûå ôóíêöèè äëÿ òèïîâîãî P1-ýëåìåíòà îïðåäåëåíû â âèäå
L̂1(x̂, ŷ) = 1− x̂− ŷ, L̂2(x̂, ŷ) = x̂, L̂3(x̂, ŷ) = ŷ. Òîãäà ëîêàëüíàÿ ìàòðèöà ñèñòåìû ïðèíèìàåò âèä

Â(m) =


C(m)

(
−1
−1

)
·
(
−1
−1

)
C(m)

(
1
0

)
·
(
−1
−1

)
C(m)

(
0
1

)
·
(
−1
−1

)
C(m)

(
−1
−1

)
·
(
1
0

)
C(m)

(
1
0

)
·
(
1
0

)
C(m)

(
0
1

)
·
(
1
0

)
C(m)

(
−1
−1

)
·
(
0
1

)
C(m)

(
1
0

)
·
(
0
1

)
C(m)

(
0
1

)
·
(
0
1

)

 . (1)

Ïîýëåìåíòíûé ïîäõîä èñïîëüçóåòñÿ òàêæå äëÿ ïîñòðîåíèÿ âåêòîðà ïðàâîé ÷àñòè ñèñòåìû ñ
ó÷åòîì çàäàíèÿ óñëîâèÿ Äèðèõëå

bi = l(ψi) =

∫
Ω
fψidxdy − a(u0, ψi) =

∫
Ω
(fψi −∇u0 · ∇ψi) dxdy

=
∑

Tm∈Th,ai∈Tm

∫
Tm

(fψi −∇u0 · ∇ψi) dxdy =
∑

Tm∈Th,ai∈Tm

b
(m)
i ,

b
(m)
i :=

∫
Tm

(fψi −∇u0 · ∇ψi) dxdy.

Çäåñü ôóíêöèÿ u0(x, y) ÿâëÿåòñÿ ïðîäîëæåíèåì ôóíêöèè gD(x, y) ñ ãðàíèöû îáëàñòè ∂Ω íà âñþ
îáëàñòü Ω ñ ïîìîùüþ áàçèñíûõ ôóíêöèé

u0(x, y) =
∑
j∈Id

gD(xj , yj)ψj(x, y), (xj , yj) ∈ ∂Ω,

ãäå Id îáîçíà÷àåò ìíîæåñòâî èíäåêñîâ òî÷åê ãðàíèöû îáëàñòè. Ïóñòü òðåóãîëüíèê Tm èìååò
âåðøèíû ar1 , ar2 , ar3 , îáõîä ïðîòèâ ÷àñîâîé ñòðåëêè è ëîêàëüíóþ íóìåðàöèþ âåðøèí Tm =

conv ({â1, â2, â3}). Ïîñòðîèì ñîîòíîøåíèå äëÿ b
(m)
ri ñ èñïîëüçîâàíèåì ëîêàëüíîãî áàçèñà ïðîñòðàí-

ñòâà P1-ýëåìåíòîâ íà òèïîâîì ýëåìåíòå

b(m)
ri =

∫
Tm

(fψri −∇ξu0 · ∇ξψri) dxdy
ïåðåõîä ê òèïîâîìó ýëåìåíòó

=

= |detBTm |
∫
T̂
f̂ L̂idx̂dŷ −

3∑
j=1

gD(âj)C
(m)∇ξ̂L̂j · ∇ξ̂L̂i

êóáàòóðíàÿ ôîðìóëà äëÿ ïåðâîãî ñëàãàåìîãî
=

≈ S(Tm)

3
f(âi)−

3∑
j=1

gD(âj)C
(m)∇ξ̂L̂j · ∇ξ̂L̂i.

Ëîêàëüíûé âåêòîð ïðàâîé ÷àñòè äëÿ P1-ýëåìåíòà b̂
(m) ∈ R3 ïðèìåò âèä

b̂(m) :=

b
(m)
r1

b
(m)
r2

b
(m)
r3

 =
S(Tm)

3

f(ar1)f(ar2)
f(ar3)

− Â(m)

gD(ar1)gD(ar2)
gD(ar3)

 . (2)

Àíàëîãè÷íî ïîñòðîåíèþ ìàòðèöû ñèñòåìû èìååì, ÷òî êàæäûé ýëåìåíò ñåòêè Tm äåëàåò âêëàä â
âû÷èñëåíèå âåêòîðà ïðàâîé ÷àñòè ñèñòåìû b ñëåäóþùèì îáðàçîì: åñëè ìû ïîñòàâèì ñîîòâåòñòâèå
ìåæäó ãëîáàëüíîé íóìåðàöèåé óçëîâ è ëîêàëüíîé íóìåðàöèåé óçëîâ íà êàæäîì òðåóãîëüíèêå
Tm = conv ({ar1 , ar2 , ar3}) = conv ({â1, â2, â3}), òîãäà

bnewri = boldri + b̃
(m)
i , i = 1, 3. (3)
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6.1 Ðåàëèçàöèÿ óñëîâèÿ Äèðèõëå íà îñíîâå ãëîáàëüíîãî áàçèñà

Íåîäíîðîäíîå óñëîâèå Äèðèõëå u(x, y) = gD(x, y) íà ãðàíèöå îáëàñòè ∂Ω ïðèâîäèò ê ïîÿâëå-
íèþ âòîðîãî ñëàãàåìîãî â âûðàæåíèè äëÿ ëèíåéíîãî ôóíêwèîíàëà

l(v) =

∫
Ω
fvdxdy − a(u0, v).

×àñòî íà ïðàêòèêå ó÷åò óñëîâèÿ Äèðèõëå â âûðàæåíèè äëÿ ôóíêöèîíàëà l(v) îñóùåñòâëÿåòñÿ
íà îñíîâå ãëîáàëüíûõ áàçèñíûõ ôóíêöèé áåç ïåðåõîäà ê ëîêàëüíîé ìàòðèöå ñèñòåìû íà êàæ-
äîì ýëåìåíòå îáëàñòè, êàê ýòî ïîëó÷åíî â ôîðìóëå (2). Â ýòîì ñëó÷àå ñíà÷àëà âåêòîð ïðàâîé
÷àñòè ñèñòåìû ñòðîèòñÿ ïî ôîðìóëå (3) äëÿ gD(x, y) = 0. Âûðàæåíèå äëÿ a(u0, ψi) ìîæåò áûòü
ïðåäñòàâëåíî â ñëåäóþùåì âèäå

a(u0, ψi) =
∑
j∈Id

gD(xj , yj)a(ψj , ψi) =
∑
j∈Id

gD(xj , yj)Aij i = 1, n,

ãäå
u0(x, y) =

∑
j∈Id

gD(xj , yj)ψj(x, y), (x, y) ∈ Ω,

Id � ìíîæåñòâî èíäåêñîâ òî÷åê ãðàíèöû îáëàñòè. Äàëåå âåêòîð ïðàâîé ÷àñòè êîððåêòèðóåòñÿ
äëÿ êàæäîãî èíäåêñà, ñîîòâåòñòâóþùåãî ãðàíèöå ñ óñëîâèåì Äèðèõëå, ïî ôîðìóëå

bnew = bold − gD(xj , yj)A∗,j , j ∈ Id, (4)

ãäå A∗,j � j-ûé ñòîëáåö ìàòðèöû A. Ïðè ýòîì äëÿ òî÷åê, ñîîòâåòñòâóþùèõ ãðàíèöå ñ óñëîâèåì
Äèðèõëå, óðàâíåíèÿ äèñêðåòíîé çàäà÷è çàìåíÿþòñÿ íà ñëåäóþùèå

uj = gD(xj , yj), j ∈ Id. (5)

Âîçìîæíû äâà ñïîñîáà ðåàëèçàöèè óñëîâèÿ Äèðèõëå ïî ôîðìóëàì (4), (5). Äëÿ äåìîíñòðàöèè
ðåàëèçàöèè âîñïîëüçóåìñÿ ñèíòàêñèñîì Matlab.

Ñïîñîá 1 (öèêë ïî Id):

% èçìåíåíèå âåêòîðà ïðàâîé ÷àñòè

b = b−A(:, j) ∗ gD(x(j), y(j));
b(j) = gD(x(j), y(j));

% çàìåíà j-îé ñòðîêè ìàòðèöû íà åäèíè÷íûé âåêòîð

A(j, :) = sparse(1, j, 1, 1, n);

% çàìåíà j-îãî ñòîëáöà ìàòðèöû íà åäèíè÷íûé âåêòîð

A(:, j) = sparse(j, 1, 1, n, 1).
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Ñïîñîá 2 (âåêòîðèçàöèÿ âû÷èñëåíèé):

% îïðåäåëåíèå ãðàíè÷íûõ è âíóòðåííèõ óçëîâ

BoundaryNode = unique(e(1, :), e(2, :));

InteriorNode = setdi�([1 : n],BoundaryNode);

% èçìåíåíèå âåêòîðà ïðàâîé ÷àñòè

b = b(InteriorNode)−A(InteriorNode,BoundaryNode) ∗ gD;
% èçìåíåíèå ìàòðèöû ñèñòåìû

A = A(InteriorNode, InteriorNode);

% ïîñòðîåíèå âåêòîðà ðåøåíèÿ

uh = zeros(n, 1);

uh(BoundaryNode) = gD;

uh(InteriorNode) = A\b;

6.2 Ðåàëèçàöèÿ ãðàíè÷íûõ óñëîâèé äëÿ ñìåøàííîé çàäà÷è

Ðàññìîòðèì ñìåøàííóþ êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ Ïóàññîíà â îáëàñòè Ω ∈ R2

−∆u(x, y) = f(x, y), (x, y) ∈ Ω

u(x, y) = gD(x, y) (x, y) ∈ ΓD,

∂u

∂n
(x, y) = gN (x, y) (x, y) ∈ ΓN ,

ãäå ∂Ω = ΓD ∪ ΓN ,meas(ΓD) > 0. Ñîîòâåòñòâóþùàÿ âàðèàöèîííàÿ çàäà÷à èìååò ñëåäóþùèé
âèä(ñì. ïîäðàçäåë 4.3):

Íàéòè w(x, y) + gD(x, y) ∈ H1(Ω) äëÿ w ∈ H1
0 (Ω) òàêóþ, ÷òî

a(w, v) = l(v) ∀v ∈ H1
0 (Ω),

ãäå

a(w, v) =

∫
Ω
∇w · ∇vdxdy, l(v) =

∫
Ω
fvdxdy − a(u0, v) +

∫
ΓN

gNvds.

Ôóíêöèÿ u0(x, y) ðàññìàòðèâàåòñÿ â âèäå ïðîäîëæåíèÿ ôóíêöèè gD(x, y) ñ ãðàíèöû îáëàñòè ΓD
íà âñþ îáëàñòü Ω ñ ïîìîùüþ áàçèñíûõ ôóíêöèé, ò.å.

u0(x, y) =
∑
j∈IdD

gD(xj , yj)ψj(x, y),

ãäå IdD îáîçíà÷àåò ìíîæåñòâî èíäåêñîâ òî÷åê íà ãðàíèöå ΓD. Ëèíåéíûé ôóíêöèîíàë l(v) ó÷è-
òûâàåò óñëîâèå Äèðèõëå íà ãðàíèöå ΓD âî âòîðîì ñëàãàåìîì è óñëîâèå Íåéìàíà íà ãðàíèöå ΓN â
òðåòüåì ñëàãàåìîì. Íà ïðàêòèêå ñíà÷àëà êîððåêòèðóåòñÿ ñèñòåìà ëèíåéíûõ óðàâíåíèé äëÿ ó÷åòà
óñëîâèÿ Äèðèõëå íà ãðàíèöå ΓD, ñì. ðàçäåë 6.1. Êîððåêòèðóþùåå ñëàãàåìîå äëÿ ó÷åòà óñëîâèÿ
Íåéìàíà â i-îì ýëåìåíòå âåêòîðà ïðàâîé ÷àñòè

∫
ΓN

gNψids ìîæåò áûòü âû÷èñëåíî ñ ïðèìåíåíèåì
êâàäðàòóðíîé ôîðìóëû ñðåäíèõ äëÿ ñëó÷àÿ ïîòî÷å÷íîãî çàäàíèÿ ôóíêöèè gN (x, y) â óçëàõ ñåò-
êè. Ðàññìîòðèì ïðèìåð, êîãäà ΓN ÿâëÿåòñÿ âåðõíåé ãðàíèöåé åäèíè÷íîãî êâàäðàòà (0, 1)2. Òîãäà
äëÿ âíóòðåííèõ òî÷åê ãðàíèöû ΓN èìååì∫

ΓN

gNψids ≈
1

2
gN (xi, yi)(xi+1 − xi−1).
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Ïðåäïîëîæèì, ÷òî gN (x, y) = x + 1. Äëÿ äåìîíñòðàöèè ðåàëèçàöèè âîñïîëüçóåìñÿ ñèíòàêñèñîì
Matlab.

Itop = find(p(2, :) == 1);

[pxtop, ind] = sort(p(1, Itop));

Itop = Itop(ind);

gN,top = pxtop + 1;

Ñêîððåêòèðóåì âåêòîð ïðàâîé ÷àñòè äëÿ óçëîâ âåðõíåé ãðàíèöû îáëàñòè ñ ó÷åòîì óñëîâèÿ Íåé-
ìàíà

for i = 1 : length(Itop)

ind = Itop(i);

if(i == 1)

b(ind) = b(ind) + 0.5 ∗ gN,top(i) ∗ (pxtop(i+ 1)− pxtop(i));

elseif(i == length(Itop))

b(ind) = b(ind) + 0.5 ∗ gN,top(i) ∗ (pxtop(i)− pxtop(i− 1));

else

b(ind) = b(ind) + 0.5 ∗ gN,top(i) ∗ (pxtop(i+ 1)− pxtop(i− 1));

end;

end

Îòìåòèì, ÷òî ïðè ñîâìåùåíèè ãðàíè÷íûõ óñëîâèé â êîíöåâûõ òî÷êàõ ÷àñòåé ãðàíèöû ΓD è ΓN ,
ðåàëèçóåòñÿ óñëîâèå Äèðèõëå. Ýòî ïðèâîäèò ê óïðîùåíèþ ðåàëèçàöèè

for i = 2 : length(Itop)− 1

ind = Itop(i);

b(ind) = b(ind) + 0.5 ∗ gN,top(i) ∗ (pxtop(i+ 1)− pxtop(i− 1));

end

6.3 Ðåàëèçàöèÿ çàäà÷è Íåéìàíà äëÿ óðàâíåíèÿ Ïóàññîíà

Ðàññìîòðèì çàäà÷ó Íåéìàíà äëÿ óðàâíåíèÿ Ïóàññîíà â äâóìåðíîé îáëàñòè Ω

−∆u(x, y) = f(x, y), (x, y) ∈ Ω

∂u

∂n
(x, y) = gN (x, y), (x, y) ∈ ∂Ω.

Ôóíêöèÿ ðåøåíèÿ êðàåâîé çàäà÷è Íåéìàíà äëÿ óðàâíåíèÿ Ïóàññîíà îïðåäåëÿåòñÿ ñ òî÷íîñòüþ
äî êîíñòàíòû. Äëÿ ïîñòðîåíèÿ îáîáùåííîãî ðåøåíèÿ êðàåâîé çàäà÷è èç ôóíêöèîíàëüíîãî ïðî-
ñòðàíñòâà äëÿ ôóíêöèè ðåøåíèÿ íóæíî èñêëþ÷èòü ïîñòîÿííûå ôóíêöèè

V = {v ∈ H1(Ω) :

∫
Ω
vdxdy = 0}.

Ýòî îçíà÷àåò, ÷òî ðåøåíèå âàðèàöèîííîé çàäà÷è äîëæíî äîïîëíèòåëüíî óäîâëåòâîðÿòü èíòå-
ãðàëüíîìó ñîîòíîøåíèþ

∫
Ω udx = 0 äëÿ íåèçâåñòíîé ôóíêöèè u ∈ V . Ýòî ðåàëèçóåòñÿ ñ ïîìî-

ùüþ ìåòîäà ìíîæèòåëåé Ëàãðàíæà, êîòîðûé ïîçâîëÿåò ó÷èòûâàòü îãðàíè÷åíèÿ äëÿ íåèçâåñòíîãî
ðåøåíèÿ u çà ñ÷åò ââåäåíèÿ äîïîëíèòåëüíîé íåèçâåñòíîé âåëè÷èíû λ � ìíîæèòåëÿ Ëàãðàíæà.
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Íàéòè u ∈ V è λ ∈ R, ÷òî∫
Ω
∇u · ∇vdxdy + λ

∫
Ω
vdxdy =

∫
Ω
fvdxdy +

∫
∂Ω
gNvdxdy ∀v ∈ H1(Ω),∫

Ω
udxdy = 0.

Ñîîòâåòñòâóþùàÿ äèñêðåòíàÿ çàäà÷à áóäåò èìåòü ñëåäóþùèé âèä(
A Λ
ΛT 0

)(
u
λ

)
=

(
b
0

)
,

ãäå âåêòîð Λ îïðåäåëÿåòñÿ ýëåìåíòàìè Λi =
∫
suppψi

ψi(x, y)dxdy, i = overline1, n.

Çàäàíèÿ

Çàäàíèå 6.1 (ïðàêòèêà). Ðåàëèçóéòå àëãîðèòìà ìåòîäà êîíå÷íûõ ýëåìåíòîâ â ïðîñòðàíñòâå P1-
ýëåìåíòîâ äëÿ çàäà÷è Äèðèõëå èç Çàäàíèÿ 1.5. Ñðàâíèòå êîíå÷íî-ýëåìåíòíîå ðåøåíèå ñ òî÷íûì
ðåøåíèåì, à òàêæå ñ êîíå÷íî-ýëåìåíòíûì ðåøåíèåì, ïîñòðîåííûì ñðåäñòâàìè PDE Toolbox â
Matlab íà àíàëîãè÷íîé ñåòêå.

1. Ðàññìîòðèì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà â åäèíè÷íîì êâàäðàòå{
−∆u(x, y) = f(x, y), (x, y) ∈ Ω = (0, 1)2

u(x, y) = gD(x, y), (x, y) ∈ ∂Ω.

Àíàëîãè÷íî ðåàëèçàöèè Çàäàíèÿ 1.5, ðåøèòå çàäà÷ó ñðåäñòâàìè GUI PDEToolbox äëÿ çàäàí-
íîãî òî÷íîãî ðåøåíèÿ u(x, y) èç Çàäàíèÿ 1.2. Ýêñïîðòèðóéòå â Workspace Matlab ãåîìåòðèþ
ñåòêè (p, e, t) è êîíå÷íî-ýëåìåíòíîå ðåøåíèå uPDE .

2. Äèñêðåòíàÿ çàäà÷à ïðåäñòàâëåíà ñèñòåìîé ëèíåéíîé àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ ìàòðè-
öû ñèñòåìû A è âåêòîðà ïðàâîé ÷àñòè b. Íåêîòîðûå êîììåíòàðèè ïî ïîñòðîåíèþ ìàòðèöû
A è âåêòîðà ïðàâîé ÷àñòè b:

(a) Ðàçìåð ìàòðèöû A è âåêòîðà ïðàâîé ÷àñòè b îïðåäåëÿåòñÿ êîëè÷åñòâîì áàçèñíûõ ôóíê-
öèé êîíå÷íî-ýëåìåíòíîãî ïðîñòðàíñòâà. Â ñëó÷àå P1-ýëåìåíòîâ êîëè÷åñòâî áàçèñíûõ
ôóíêöèé ñîâïàäàåò ñ êîëè÷åñòâîì óçëîâ ñåòêè. Îïðåäåëèì íà÷àëüíûå çíà÷åíèÿ äëÿ A
è b

n = size(p, 2);

A = sparse(n, n);

b = sparse(n, 1);

(b) Äëÿ ïîñòðîåíèÿ âåêòîðà ïðàâîé ÷àñòè íåîáõîäèìî âû÷èñëèòü ôóíêöèþ f(x, y) â êàæ-
äîì óçëå ñåòêè. Íàïðèìåð, äëÿ f(x, y) = x+ y èìååì

x = p(1, :);

y = p(2, :);

f = x+ y;
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(c) Ïóñòü ïåðåìåííûå Am è bm îïðåäåëÿþò ëîêàëüíóþ ìàòðèöó äèñêðåòíîé ñèñòåìû è
ëîêàëüíûé âåêòîð ïðàâîé ÷àñòè, ñîîòâåòñòâåííî. Îïðåäåëèì íà÷àëüíûå çíà÷åíèÿ ïå-
ðåìåííûõ Am è bm

Am = zeros(3, 3);

bm = zeros(3, 1);

(d) Íà êàæäîì òðåóãîëüíîì ýëåìåíòå íåîáõîäèìî âû÷èñëèòü ëîêàëüíóþ ìàòðèöó ñèñòåìû
Am è ëîêàëüíûé âåêòîð ïðàâîé ÷àñòè bm ïî ôîðìóëàì (1) è (2), ñîîòâåòñòâåííî. Íà
ýòîì ýòàïå âû÷èñëåíèé ïîëàãàåì, ÷òî ôóíêöèÿ gD(x, y) íà ãðàíèöå îáëàñòè ∂Ω ðàâíà
0.

for i = 1 : size(t, 2)

Am = ...

bm = ...

end

(e) Êàæäàÿ ëîêàëüíàÿ ìàòðèöà ñèñòåìû Am è ëîêàëüíûé âåêòîð ïðàâîé ÷àñòè bm äåëàåò
âêëàä â âû÷èñëåíèå ìàòðèöû ñèñòåìû A è âåêòîðà ïðàâîé ÷àñòè b

for i = 1 : size(t, 2)

Am = ...

bm = ...

ind = t(1 : 3, i);

A(ind, ind) = A(ind, ind) +Am;

b(ind) = b(ind) + bm;

end

(f) Ïðåäïîëîæèì, ÷òî ôóíêöèÿ gD(x, y) íà ëåâîé ãðàíèöå ðàâíà (y), íà ïðàâîé ãðàíèöå
ðàâíà (y + 1), íà âåðõíåé ãðàíèöå ðàâíà (x + 1), íà íèæíåé ãðàíèöå ðàâíà (x). Òî-
ãäà ôóíêöèÿ gD(x, y) íà âñåé ãðàíèöå îáëàñòè ∂Ω ìîæåò áûòü îïðåäåëåíà ñëåäóþùèì
îáðàçîì:

Idleft = find(p(1, :) == 0);

Idright = find(p(1, :) == 1);

Idtop = find(p(2, :) == 1);

Idbottom = find(p(2, :) == 0);

Id = [Idleft, Idright, Idtop, Idbottom];

gD(Id) = [p(2, Idleft), p(2, Idright) + 1, p(1, Idtop) + 1, p(1, Idbottom)];

(g) Îñóùåñòâèòå êîððåêòèðîâêó ìàòðèöû A è âåêòîðà ïðàâîé ÷àñòè b ñ ó÷åòîì ôóíêöèè
gD, èñïîëüçóÿ Ñïîñîá 1 èëè Ñïîñîá 2, ñì. ïîäðàçäåë 6.1.

3. Ðåøèòe äèñêðåòíóþ çàäà÷ó. Äëÿ ýòîãî â ñèíòàêñèñå Matlab èñïîëüçóéòå îïåðàöèþ îáðàòíîé
êîñîé ÷åðòû.

uh = A\b;

4. Ñðàâíèòå ãðàôè÷åñêè ðåøåíèå uh ñ òî÷íûì ðåøåíèåì u(x, y) è ðåøåíèåì uPDE , ïîëó÷åííûì
ñ ïîìîùüþ PDEToolbox.

8



Òåìà 6, ÄÂ Ìåòîä êîíå÷íûõ ýëåìåíòîâ, Ëàâðîâà Î.À. (ÌÌÔ ÁÃÓ), 2021

Çàäàíèå 6.2 (íåîáÿçàòåëüíîå çàäàíèå). Ðåàëèçóéòå àëãîðèòìà ìåòîäà êîíå÷íûõ ýëåìåíòîâ â ïðî-
ñòðàíñòâå P1-ýëåìåíòîâ äëÿ ñìåøàííîé êðàåâîé çàäà÷è, ïîñòðîåííîé äëÿ óðàâíåíèÿ Ïóàññîíà â
åäèíè÷íîì êâàäðàòå èç Çàäàíèÿ 1.5. Îñîáåííîñòè ðåàëèçàöèè ãðàíè÷íûõ óñëîâèé äëÿ ñìåøàííîé
çàäà÷è îáñóæäàëîñü â ïîäðàçäåëå 6.2. Ñðàâíèòå êîíå÷íî-ýëåìåíòíîå ðåøåíèå ñ òî÷íûì ðåøåíè-
åì, à òàêæå ñ êîíå÷íî-ýëåìåíòíûì ðåøåíèåì, ïîñòðîåííûì ñðåäñòâàìè PDE Toolbox â Matlab íà
àíàëîãè÷íîé ñåòêå.

Çàäàíèå 6.3 (íåîáÿçàòåëüíîå çàäàíèå). Ðåàëèçóéòå àëãîðèòìà ìåòîäà êîíå÷íûõ ýëåìåíòîâ â ïðî-
ñòðàíñòâå P1-ýëåìåíòîâ äëÿ çàäà÷è Íåéìàíà, ïîñòðîåííîé äëÿ óðàâíåíèÿ Ïóàññîíà â åäèíè÷íîì
êâàäðàòå èç Çàäàíèÿ 1.5. Äëÿ îäíîçíà÷íîé ðàçðåøèìîñòè íåîáõîäèìî ââåñòè èíòåãðàëüíîå ñîîò-
íîøåíèå â âàðèàöèîííóþ ôîðìóëèðîâêó çàäà÷è, ñì. ïîäðàçäåë 6.3. Ñðàâíèòå êîíå÷íî-ýëåìåíòíîå
ðåøåíèå ñ òî÷íûì ðåøåíèåì.

Çàäàíèå 6.4 (íåîáÿçàòåëüíîå çàäàíèå). Ïîñòðîéòå ñîîòíîøåíèÿ äëÿ âû÷èñëåíèÿ ëîêàëüíîé ìàò-
ðèöû ñèñòåìû Ã(m) ∈ R6×6 â ñëó÷àå P2-ýëåìåíòà è äëÿ âû÷èñëåíèÿ ëîêàëüíîãî âåêòîðà ïðàâîé
÷àñòè b̃(m) ∈ R6 äëÿ P2-ýëåìåíòà ïî àíàëîãèè ñ ïîñòðîåíèåì ñîîòâåòñòâóþùèõ ñîîòíîøåíèé äëÿ
P1-ýëåìåíòà.

9



Òåìà 6, ÄÂ Ìåòîä êîíå÷íûõ ýëåìåíòîâ, Ëàâðîâà Î.À. (ÌÌÔ ÁÃÓ), 2021

Ñïèñîê ëèòåðàòóðû

[1] Âëàäèìèðîâ, Â.Ñ. (1981): Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. M.: Íàóêà.

[2] Îãàíåñÿí, Ë.À., Ðóõîâåö Ë.À. (1979): Âàðèàöèîííî-ðàçíîñòíûå ìåòîäû ðåøåíèÿ ýëëèïòè÷å-
ñêèõ óðàâíåíèé. Åðåâàí: Èçä-âî ÀÍ ÀðìÑÑÐ.

[3] Òèõîíîâ, À.Í., Ñàìàðñêèé À.À. (1977): Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. M.: Íàóêà.

[4] Øàéäóðîâ, Â.Â. (1989): Ìíîãîñåòî÷íûå ìåòîäû êîíå÷íûõ ýëåìåíòîâ. Ì.: Íàóêà.

[5] Braess, D. (2003): Finite Elemente - Theorie, schnelle L�oser und Anwendungen in der
Elastizit�atstheorie. 3. Au�age. Berlin, Springer.

[6] Brenner, S.C. and Scott, L.R. (1994,2008): The Mathematical Theory of Finite Element Methods.
Berlin, Springer.

[7] Ciarlet, P.G. (1978): The �nite element method for elliptic problems. North Holland.

[8] Gekeler, E.W. (2006): Mathematische Methoden zur Mechanik. Ein Handbuch mit MATLAB-
Experimenten. Berlin, Springer.

[9] G�oring, H., Roos, H.-C. and Tobiska, L. (2010): Finite-Elemente-Methode f�ur Anf�anger. 4. Au�age.
Berlin, Wiley-VCH.

[10] Logg, A., Mardal K.-A. and Wells, G. N. (2012): Automated solution of partial di�erential
equations by the �nite element method. Berlin, Springer.

[11] Langtangen, H.P., Logg, A. (2016): Solving PDEs in Python � The FEniCS Tutorial Volume I.
Berlin, Springer.

[12] Verf�urth, V. (1996): A review of a posteriori error estimation and adaptive mesh-re�nement
techniques. Stuttgart, Wiley-Teubner.

10


