
Òåìà 4, ÄÂ Ìåòîä êîíå÷íûõ ýëåìåíòîâ, Ëàâðîâà Î.À. (ÌÌÔ ÁÃÓ), 2021

1 Ââåäåíèå

2 Èíòåãðàëüíàÿ ôîðìóëèðîâêà ýëëèïòè÷åñêîé êðàåâîé çàäà÷è âòî-

ðîãî ïîðÿäêà

3 Ïðîñòðàíñòâà Ñîáîëåâà

4 Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ âàðèàöèîííîé çàäà-

÷è

Îïðåäåëåíèå 4.1. Ïóñòü H � ãèëüáåðòîâî ïðîñòðàíñòâî. Ëèíåéíàÿ ôîðìà l(v) : H → R íàçû-
âàåòñÿ íåïðåðûâíîé, åñëè ∃ C = const > 0, ÷òî

|l(v)| ≤ C||v||H ∀v ∈ H.

Áèëèíåéíàÿ ôîðìà a : H ×H → R íàçûâàåòñÿ íåïðåðûâíîé, åñëè ∃ C = const > 0, ÷òî

|a(u, v)| ≤ C||u||H ||v||H ∀u, v ∈ H.

Îïðåäåëåíèå 4.2. Ïóñòü H � ãèëüáåðòîâî ïðîñòðàíñòâî. Áèëèíåéíàÿ ôîðìà íàçûâàåòñÿ ýë-
ëèïòè÷åñêîé (H-ýëëèïòè÷åñêîé), åñëè ∃ α = const > 0, ÷òî

a(u, u) ≥ α||u||2H ∀u ∈ H.

Ýëëèïòè÷åñêàÿ áèëèíåéíàÿ ôîðìà ïîðîæäàåò ýíåðãåòè÷åñêóþ íîðìó â ïðîñòðàíñòâå H

||u||a :=
√
a(u, u).

Ýíåðãåòè÷åñêàÿ íîðìà, ïîðîæäåííàÿ íåïðåðûâíîé ýëëèïòè÷åñêîé áèëèíåéíîé ôîðìîé, ýêâèâà-
ëåíòíà íîðìå ïðîñòðàíñòâà H

√
α||u||H ≤ ||u||a ≤

√
C||u||H .

Ëåììà 4.1 (Ëàêñà-Ìèëüãðàìà î ñóùåñòâîâàíèè åäèíñòâåííîãî ðåøåíèÿ). Ïóñòü V � çàìêíóòîå

âûïóêëîå ïîäïðîñòðàíñòâî ãèëüáåðòîâà ïðîñòðàíñòâà H è a : H × H → R � íåïðåðûâíàÿ

ýëëèïòè÷åñêàÿ áèëèíåéíàÿ ôîðìà. Òîãäà ∀l ∈ H ′, ãäå H ′ � ïðîñòðàíñòâî íåïðåðûâíûõ ëèíåéíûõ

ôóíêöèîíàëîâ íà H, çàäà÷à ìèíèìèçàöèè

min

{
1

2
a(v, v)− l(v) : v ∈ V

}
èìååò åäèíñòâåííîå ðåøåíèå.

Çàìå÷àíèå 4.1. Â Òåîðåìå 2.2 ñôîðìóëèðîâàíû óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî ðåøåíèÿ
çàäà÷è ìèíèìèçàöèè â áîëåå øèðîêîì ëèíåéíîì (âåêòîðíîì) ïðîñòðàíñòâå V . Ïîýòîìó îãðàíè-
÷åíèÿ íà áèëèíåéíóþ ôîðìó è ëèíåéíûé ôóíêöèîíàë â Òåîðåìå 2.2 è â Ëåììå Ëàêñà-Ìèëüãðàìà
4.1 îòëè÷àþòñÿ. Â ÷àñòíîñòè, äëÿ îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è ìèíèìèçàöèè â ëèíåéíîì
ïðîñòðàíñòâå áèëèíåéíàÿ ôîðìà a(u, v) äîëæíà áûòü ñèììåòðè÷åñêîé è ïîëîæèòåëüíîé, ôóíê-
öèîíàë l(v) ëèíåéíûì.
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Çàìå÷àíèå 4.2. Â ñëó÷àå, êîãäà V = H, âûïîëíåíèå óñëîâèé ëåììû Ëàêñà-Ìèëüãðàìà 4.1 ãàðàí-
òèðóåò ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ u ∈ V âàðèàöèîííûõ óðàâíåíèé, ñîîòâåòñòâóþùèõ
çàäà÷å ìèíèìèçàöèè,

a(u, v) = l(v) ∀v ∈ V

äëÿ êàæäîãî l ∈ V ′. Â ÷àñòíîì ñëó÷àå, êîãäà a(u, v) = (u, v)0, áèëèíåéíàÿ ôîðìà ÿâëÿåòñÿ íåïðå-
ðûâíîé è ýëëèïòè÷íîé, ñëåäîâàòåëüíî ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ u ∈ V , ÷òî

(u, v)0 = l(v) ∀v ∈ V

äëÿ êàæäîãî l ∈ V ′. Òàêèì îáðàçîì, ïîñòðîåíî îòîáðàæåíèå V ′ → V , ãäå ëèíåéíîìó ôóíêöè-
îíàëó l(v) ïîñòàâëåíà â ñîîòâåòñòâèå åäèíñòâåííàÿ ôóíêöèÿ u ∈ V . Ïîñòðîåííîå îòîáðàæåíèå
íàçûâàåòñÿ êàíîíè÷åñêèì ïðåäñòàâëåíèåì ôóíêöèîíàëà.

4.1 Çàäà÷à Äèðèõëå

Äëÿ îäíîðîäíîé çàäà÷è Äèðèõëå

Lu(x) = f(x) x ∈ Ω, (1)

u(x) = 0 x ∈ ∂Ω, (2)

ãäå

Lu = −
n∑

i,j=1

∂i (aij(x)∂ju(x)) + c(x)u(x),

âàðèàöèîííàÿ çàäà÷à èìååò ñëåäóþùèé âèä (ñì. ïîäðàçäåë 2.1.1):
Íàéòè u ∈ V = {v : v ∈ C2(Ω) ∩ C0(Ω̄), v = 0 íà ∂Ω} òàêóþ, ÷òî

a(u, v) = l(v) ∀v ∈ V, (3)

ãäå

a(u, v) =

∫
Ω

 n∑
i,j=1

aij∂ju∂iv + cuv

 dx, (4)

l(v) =

∫
Ω
fvdx. (5)

Îïðåäåëåíèå 4.3. Ôóíêöèÿ u ∈ H1
0 (Ω) íàçûâàåòñÿ îáîáùåííûì (ñëàáûì) ðåøåíèåì îä-

íîðîäíîé çàäà÷è Äèðèõëå (1)�(2) åñëè îíà ÿâëÿåòñÿ ðåøåíèåì âàðèàöèîííîé çàäà÷è (3)�(5) â
ïðîñòðàíñòâå V = H1

0 (Ω).

Îáîáùåííîå ðåøåíèå ÿâëÿåòñÿ îáîáùåíèåì ïîíÿòèÿ êëàññè÷åñêèõ ðåøåíèé äèôôåðåíöèàëü-
íûõ óðàâíåíèé. Ýòî ïîíÿòèå âîçíèêëî â ñâÿçè ñ ìíîãèìè çàäà÷àìè ìàòåìàòè÷åñêîé ôèçèêè,
êîãäà ïîä ðåøåíèÿìè äèôôåðåíöèàëüíûõ óðàâíåíèé ïîòðåáîâàëîñü ïîíèìàòü ôóíêöèè, íå èìå-
þùèå äîñòàòî÷íîãî ÷èñëà ïðîèçâîäíûõ.

Ïîíÿòèå îáîáùåííîãî ðåøåíèÿ íå ïðîòèâîðå÷èò ïîíÿòèþ êëàññè÷åñêîãî ðåøåíèÿ.

Òåîðåìà 4.1. Êàæäîå îáîáùåííîå ðåøåíèå u ∈ H1
0 (Ω) çàäà÷è Äèðèõëå (1)�(2), äëÿ êîòîðîãî

u ∈ C2(Ω) ∩ C0(Ω̄), ÿâëÿåòñÿ òàêæå êëàññè÷åñêèì ðåøåíèåì çàäà÷è Äèðèõëå.

Â äàëüíåéøåì ïîëàãàåì, ÷òî îáîáùåííîå ðåøåíèå ëþáîé ýëëèïòè÷åñêîé êðàåâîé çàäà÷è (íå
òîëüêî îäíîðîäíîé çàäà÷è Äèðèõëå) � ýòî ðåøåíèå ñîîòâåòñòâóþùåé âàðèàöèîííîé çàäà÷è â
íåêîòîðîì ãèëüáåðòîâîì ïðîñòðàíñòâå.
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Òåîðåìà 4.2. Ïóñòü V = H1
0 (Ω), f(x) ∈ L2(Ω), c(x) ≥ 0 è áèëèíåéíàÿ ôîðìà (4) ÿâëÿåòñÿ

ðàâíîìåðíî ýëëèïòè÷åñêîé

n∑
i,j=1

aij∂jv∂iv ≥ α
∑
i

(∂iv)
2

äëÿ âàðèàöèîííîé çàäà÷è (3)�(5). Òîãäà îäíîðîäíàÿ çàäà÷à Äèðèõëå (1)�(2) èìååò åäèíñòâåííîå

îáîáùåííîå ðåøåíèå u ∈ H1
0 (Ω), ò.å. åäèíñòâåííîå ðåøåíèå âàðèàöèîííîé çàäà÷è (3)�(5) ïðè

V = H1
0 (Ω).

Äîêàçàòåëüñòâî. Ñîãëàñíî ëåììå Ëàêñà-Ìèëüãðàìà 4.1 íåîáõîäèìî ïîêàçàòü, ÷òî áèëèíåéíàÿ
ôîðìà (4) ÿâëÿåòñÿ íåïðåðûâíîé è ýëëèïòè÷åñêîé â H1

0 (Ω), à ëèíåéíûé ôóíêöèîíàë (5) ÿâëÿåòñÿ
íåïðåðûâíûì â H1

0 (Ω).

1. Ïîêàæåì, ÷òî áèëèíåéíàÿ ôîðìà (4) ÿâëÿåòñÿ íåïðåðûâíîé â ïðîñòðàíñòâå H1
0 (Ω). Ïóñòü

c̃ := sup
{
|aij(x)| : x ∈ Ω, i, j = 1, n

}
.

∣∣∣∣∣∣
∫
Ω

 n∑
i,j=1

aij∂ju∂iv

 dx

∣∣∣∣∣∣ =

∣∣∣∣∣∣
n∑

i,k=1

∫
Ω
aij∂ju∂ivdx

∣∣∣∣∣∣ ≤
n∑

i,k=1

∣∣∣∣∫
Ω
aij∂ju∂ivdx

∣∣∣∣
≤ c̃

n∑
i,j=1

∣∣∣∣∫
Ω
∂ju∂ivdx

∣∣∣∣ í-âî Áóíÿêîâñêîãî→

≤ c̃
n∑

i,j=1

(∫
Ω
(∂ju)

2 dx

)1/2(∫
Ω
(∂iv)

2 dx

)1/2 ðàçäåëåíèå ïåðåìåííûõ→

= c̃
n∑

j=1

(∫
Ω
(∂ju)

2 dx

)1/2 n∑
i=1

(∫
Ω
(∂iv)

2 dx

)1/2
í-âî Êîøè→

≤ c̃

 n∑
j=1

12

1/2 n∑
j=1

∫
Ω
(∂ju)

2 dx

1/2(
n∑

i=1

12

)1/2( n∑
i=1

∫
Ω
(∂iv)

2 dx

)1/2

= c̃n|u|1|v|1.

|a(u, v)| ≤ c̃n|u|1|v|1 + c||u||0||v||0
í-âî Ôðèäðèõñà→ ≤ c̃n|u|1|v|1 + c|u|1|v|1 ≤ C|u|1|v|1.

Ñëåäîâàòåëüíî áèëèíåéíàÿ ôîðìà (4) ÿâëÿåòñÿ íåïðåðûâíîé â H1
0 (Ω).

2. Ïîêàæåì, ÷òî áèëèíåéíàÿ ôîðìà (4) ÿâëÿåòñÿ ýëëèïòè÷åñêîé â ïðîñòðàíñòâå H1
0 (Ω).

a(v, v) ≥
∫
Ω

 n∑
i,j=1

aij∂jv∂iv

 dx
ñâ-âî ðàâíîì. ýëëèïò.→ ≥

∫
Ω

(
α
∑
i

(∂iv)
2

)
dx = α|v|21.

Ñëåäîâàòåëüíî áèëèíåéíàÿ ôîðìà (4) ÿâëÿåòñÿ ýëëèïòè÷åñêîé â H1
0 (Ω).

3. Ïîêàæåì íåïðåðûâíîñòü ëèíåéíîãî ôóíêöèîíàëà (5) â ïðîñòðàíñòâå H1
0 (Ω).

|l(v)| =
∣∣∣∣∫

Ω
fvdx

∣∣∣∣ í-âî Áóíÿêîâñêîãî→ ≤ ||f ||0||v||0
í-âî Ôðèäðèõñà→ ≤ c|v|1.

Ñëåäîâàòåëüíî ëèíåéíàÿ ôîðìà (5) ÿâëÿåòñÿ íåïðåðûâíîé â H1
0 (Ω).
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Ñîãëàñíî ëåììå Ëàêñà-Ìèëüãðàìà 4.1 îäíîðîäíàÿ çàäà÷à Äèðèõëå (1)�(2) èìååò åäèíñòâåííîå
îáîáùåííîå ðåøåíèå â H1

0 (Ω). Òåîðåìà äîêàçàíà.

Ïðèìåð 4.1. Ðàññìîòðèì îäíîðîäíóþ çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà

−∆u(x) = 0 x ∈ Ω,

u(x) = 0 x ∈ ∂Ω.

Ïóñòü V = H1
0 (Ω). Ñîîòâåòñòâóþùàÿ áèëèíåéíàÿ ôîðìà

a(u, v) =

∫
Ω

(
n∑

i=1

∂iu∂iv

)
dx =

∫
Ω
∇u · ∇vdx

ÿâëÿåòñÿ ðàâíîìåðíî ýëëèïòè÷åñêîé (α = 1), f ≡ 0, c = 0 ñëåäîâàòåëüíî îäíîðîäíàÿ çàäà÷à
Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà èìååò åäèíñòâåííîå îáîáùåííîå ðåøåíèå â H1

0 (Ω). Åñëè V =
H1(Ω), òî ñâîéñòâî ýëëèïòè÷íîñòè äëÿ áèëèíåéíîé ôîðìû íå âûïîëíÿåòñÿ, ò.ê., â ÷àñòíîñòè, äëÿ
v = const èìååì, ÷òî a(v, v) = 0. Ñîãëàñíî ëåììå Ëàêñà-Ìèëüãðàìà 4.1 âàðèàöèîííàÿ çàäà÷à â
V = H1(Ω) ìîæåò íå áûòü îäíîçíà÷íî ðàçðåøèìîé.

Ïðèìåð 4.2. Äëÿ íåîäíîðîäíîé çàäà÷è Äèðèõëå

−
n∑

i,j=1

∂i (aij(x)∂ju(x)) + c(x)u(x) = f(x) x ∈ Ω

u(x) = gD(x) x ∈ ∂Ω

â ïîäðàçäåëå 2.1.2 ïîñòðîåíà âàðèàöèîííàÿ çàäà÷à:
Íàéòè w ∈ V òàêóþ, ÷òî

a(w, v) = l(v) ∀v ∈ V, (6)

ãäå

a(w, v) =

∫
Ω

 n∑
i,j=1

aij∂jw∂iv + cwv

 dx, (7)

l(v) =

∫
Ω
fvdx− a(u0, v). (8)

Ïîëàãàåì V = H1
0 (Ω) è u(x) = w(x) + u0(x) ∈ U =

{
u : u ∈ H1(Ω), u = gD íà ∂Ω

}
.

Äëÿ âàðèàöèîííîé çàäà÷è â ïðîñòðàíñòâå V = H1
0 (Ω) ïðèìåíèìà Òåîðåìà 4.2. À èìåííî, äëÿ

îäíîçíà÷íîé ðàçðåøèìîñòè âàðèàöèîííîé çàäà÷è äîëæíû âûïîëíÿòüñÿ óñëîâèÿ, ÷òî f ∈ L2(Ω),
c(x) ≥ 0 è áèëèíåéíàÿ ôîðìà ðàâíîìåðíî ýëëèïòè÷åñêàÿ. Èç òðåáîâàíèÿ ïîëíîòû íåîáõîäèìî
ïîëîæèòü u0 ∈ C2(Ω) ∩ C0(Ω̄) ∩H1(Ω).

4.2 Çàäà÷à Íåéìàíà

Äëÿ çàäà÷è Íåéìàíà

Lu(x) = f(x) x ∈ Ω, (9)∑
i,j

aij∂juni = gN (x) x ∈ ∂Ω (10)

âàðèàöèîííàÿ çàäà÷à èìååò ñëåäóþùèé âèä (ñì. ïîäðàçäåë 2.1.3):
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Íàéòè u ∈ V = {v : v ∈ C2(Ω) ∩ C1(Ω̄)} òàêóþ, ÷òî

a(u, v) = l(v) ∀v ∈ V, (11)

ãäå

a(u, v) =

∫
Ω

 n∑
i,j=1

aij∂ju∂iv + cuv

 dx, (12)

l(v) =

∫
Ω
fvdx+

∫
∂Ω

gNvds. (13)

Çàìå÷àíèå 4.3. Ïðè ïåðåõîäå îò êðàåâîé çàäà÷è ê âàðèàöèîííîé çàäà÷å óñëîâèå Íåéìàíà íå
âëèÿåò íà îïðåäåëåíèå ôóíêöèîíàëüíîãî ïðîñòðàíñòâà òåñòîâûõ ôóíêöèé V , íî èçìåíÿåò âàðè-
àöèîííûå óðàâíåíèÿ. Óñëîâèå Íåéìàíà íàçûâàåòñÿ åñòåñòâåííûì óñëîâèåì â êîíòåêñòå âàðè-
àöèîííîé ïîñòàíîâêè. Óñëîâèå Äèðèõëå âëèÿåò íà îïðåäåëåíèå ôóíêöèîíàëüíîãî ïðîñòðàíñòâà
è íàçûâàåòñÿ ñóùåñòâåííûì óñëîâèåì.

Côîðìóëèðóåì ðåçóëüòàò îäíîçíà÷íîé ðàçðåøèìîñòè â îáîáùåííîì ñìûñëå äëÿ çàäà÷è Íåé-
ìàíà, àíàëîãè÷íûé Òåîðåìå 4.2.

Òåîðåìà 4.3. Ïóñòü V = H1(Ω), f ∈ L2(Ω), gN ∈ L2(∂Ω), c(x) ≥ β > 0 è áèëèíåéíàÿ ôîðìà

(12) ÿâëÿåòñÿ ðàâíîìåðíî ýëëèïòè÷åñêîé

n∑
i,j=1

aij∂jv∂iv ≥ α
∑
i

(∂iv)
2

äëÿ âàðèàöèîííîé çàäà÷è (11)�(13). Òîãäà çàäà÷à Íåéìàíà (9)�(10) èìååò åäèíñòâåííîå îáîáùåí-

íîå ðåøåíèå â H1(Ω), ò.å. åäèíñòâåííîå ðåøåíèå âàðèàöèîííîé çàäà÷è (11)�(13) ïðè V = H1(Ω).

Äîêàçàòåëüñòâî. Cîãëàñíî ëåììå Ëàêñà-Ìèëüãðàìà 4.1 íåîáõîäèìî ïîêàçàòü, ÷òî áèëèíåéíàÿ
ôîðìà (12) ÿâëÿåòñÿ íåïðåðûâíîé è ýëëèïòè÷åñêîé â H1(Ω), à ëèíåéíûé ôóíêöèîíàë (13) ÿâëÿ-
åòñÿ íåïðåðûâíûì â H1(Ω).

1. Ïîêàæåì, ÷òî áèëèíåéíàÿ ôîðìà (12) ÿâëÿåòñÿ íåïðåðûâíîé â ïðîñòðàíñòâå H1(Ω). Ïðè
äîêàçàòåëüñòâå Òåîðåìû 4.2 ïîêàçàíî, ÷òî áèëèíåéíàÿ ôîðìà (12) ÿâëÿåòñÿ íåïðåðûâíîé â
H1

0 (Ω)
|a(u, v)| ≤ C|u|1|v|1,

ñëåäîâàòåëüíî áèëèíåéíàÿ ôîðìà ÿâëÿåòñÿ íåïðåðûâíîé â H1(Ω).

2. Ïîêàæåì, ÷òî áèëèíåéíàÿ ôîðìà (12) ÿâëÿåòñÿ ýëëèïòè÷åñêîé â ïðîñòðàíñòâå H1(Ω).

a(v, v) ≥
∫
Ω

 n∑
i,j=1

aij∂ju∂iv

 dx+ β||v||20
ñâ-âî ðàâíîì. ýëëèïò.→

≥ α

∫
Ω

∑
i

(∂iv)
2 dx+ β||v||20 ≥ min{α, β}||v||21.

Ñëåäîâàòåëüíî áèëèíåéíàÿ ôîðìà (12) ÿâëÿåòñÿ ýëëèïòè÷åñêîé â H1(Ω).
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3. Ïîêàæåì íåïðåðûâíîñòü ëèíåéíîãî ôóíêöèîíàëà (13) â ïðîñòðàíñòâå H1(Ω).

|l(v)| =

∣∣∣∣∫
Ω
fvdx+

∫
∂Ω

gNvds

∣∣∣∣ í-âî Áóíÿêîâñêîãî→

≤ ||f ||0||v||0 + ||gN ||0,∂Ω||v||0,∂Ω
í-âî Ôðèäðèõñà, Òåîðåìà î ñëåäå→

≤ c||v||1.

Ñëåäîâàòåëüíî ëèíåéíûé ôóíêöèîíàë ÿâëÿåòñÿ íåïðåðûâíûì â H1(Ω).

Ñîãëàñíî ëåììå Ëàêñà-Ìèëüãðàìà 4.1 çàäà÷à Íåéìàíà (9)�(10) èìååò åäèíñòâåííîå îáîáùåííîå
ðåøåíèå â H1(Ω). Òåîðåìà äîêàçàíà.

Ïðèìåð 4.3. Ðàññìîòðèì ñèòóàöèþ, êîãäà óñëîâèå c(x) ≥ β > 0 íå âûïîëíÿåòñÿ, íàïðèìåð,
c(x) = 0. Â ýòîì ñëó÷àå íåëüçÿ äîêàçàòü ýëëèïòè÷íîñòü áèëèíåéíîé ôîðìû (a(v, v) = 0 äëÿ
v = const) è, êàê ñëåäñòâèå, çàäà÷à Íåéìàíà íå áóäåò èìåòü åäèíñòâåííîå ðåøåíèå â H1(Ω).

Ïóñòü çàäàíà çàäà÷à Íåéìàíà äëÿ óðàâíåíèÿ Ïóàññîíà

−∆u(x) = f(x) x ∈ Ω

∂u

∂n
= gN (x) x ∈ ∂Ω.

Ñîîòâåòñòâóþùàÿ áèëèíåéíàÿ ôîðìà èìååò âèä

a(u, v) =

∫
Ω
∇u · ∇vdx, a(v, v) = |v|21.

Áèëèíåéíàÿ ôîðìà íå ÿâëÿåòñÿ ýëëèïòè÷åñêîé â H1(Ω). Íåïîñðåäñòâåííî èç êðàåâîé çàäà÷è
âèäíî, ÷òî ðåøåíèå îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî êîíñòàíòû. Äëÿ òîãî, ÷òîáû âàðèàöèîííàÿ çà-
äà÷à èìåëà åäèíñòâåííîå ðåøåíèå, âìåñòî H1(Ω) ðàññìàòðèâàåòñÿ ïîäïðîñòðàíñòâî áåç êîíñòàíò
H1(Ω) \ R := {v ∈ H1(Ω) :

∫
Ω vdx = 0} (ôóíêöèè, îðòîãîíàëüíûå ïîñòîÿííîé ôóíêöèè â L2(Ω)).

4.3 Ñìåøàííàÿ êðàåâàÿ çàäà÷à

Äëÿ êðàåâîé çàäà÷è ñî ñìåøàííûìè ãðàíè÷íûìè óñëîâèÿìè

Lu(x) = f(x) x ∈ Ω,

u(x) = gD(x) x ∈ ΓD,∑
i,j

aij∂juni = gN (x) x ∈ ΓN

â ïîäðàçäåëå 2.1.4 ïîñòðîåíà âàðèàöèîííàÿ çàäà÷à:
Íàéòè w ∈ V òàêóþ, ÷òî

a(w, v) = l(v) ∀v ∈ V, (14)

ãäå

a(w, v) =

∫
Ω

 n∑
i,j=1

aij∂jw∂iv + cwv

 dx, (15)

l(v) =

∫
Ω
fvdx− a(u0, v) +

∫
ΓN

gNvds. (16)

Ïîëàãàåì V = H1(Ω) è u(bfx) = w(x) + u0(x) ∈ U = {u : u ∈ H1(Ω), u = gD íà ΓD}.
Àíàëîãè÷íî ðàññóæäåíèÿì â äîêàçàòåëüñòâå Òåîðåìû 4.3 ìîæíî ïîêàçàòü, ÷òî ôóíöèîíàë (16)

ÿâëÿåòñÿ íåïðåðûâíûì. Òîãäà èìååì, ÷òî ïðè âûïîëíåíèè óñëîâèé Òåîðåìû 4.3, êðàåâàÿ çàäà÷à
ñî ñìåøàííûìè ãðàíè÷íûìè óñëîâèÿìè áóäåò èìåòü åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâåH1(Ω).

6



Òåìà 4, ÄÂ Ìåòîä êîíå÷íûõ ýëåìåíòîâ, Ëàâðîâà Î.À. (ÌÌÔ ÁÃÓ), 2021

Çàäàíèÿ

Çàäàíèå 4.1 (òåîðèÿ). Äëÿ îäíîðîäíîé çàäà÷è Äèðèõëå

−u′′(x) + εu(x) = f(x) x ∈ Ω = (0, 1)

u(x) = 0 x ∈ ∂Ω

èññëåäîâàòü âîïðîñ ñóùåñòâîâàíèÿ åäèíñòâåííîãî îáîáùåííîãî ðåøåíèÿ ïðè ðàçëè÷íûõ çíà÷åíè-
ÿõ ε.

Çàäàíèå 4.2 (òåîðèÿ). Äëÿ îäíîðîäíîé çàäà÷è Äèðèõëå

−(p(x)u′(x))′ + q(x)u(x) = f(x) x ∈ Ω = (0, 1)

u(x) = 0 x ∈ ∂Ω

ãäå p(x) ∈ C1(Ω), p(x) ≥ p0 > 0, q(x) ∈ C(Ω), q(x) ≥ 0, f(x) ∈ C2(Ω), ïîñòðîèòü âàðèàöèîííóþ
ôîðìóëèðîâêó è ïîêàçàòü, ÷òî çàäà÷à èìååò åäèíñòâåííîå îáîáùåííîå ðåøåíèå â H1

0 (Ω).

Çàäàíèå 4.3 (òåîðèÿ). Çàäàíà ýëëèïòè÷åñêàÿ, íî íå ðàâíîìåðíî ýëëèïòè÷åñêàÿ áèëèíåéíàÿ ôîð-
ìà a : H1

0 (Ω)×H1
0 (Ω) → R, Ω = (0, 1),

a(u, v) =

∫ 1

0
x2u′v′dx,

è ôóíêöèîíàë

J(v) =
1

2
a(v, v)−

∫ 1

0
vdx.

Íåîáõîäèìî ïîñòðîèòü êðàåâóþ çàäà÷ó, ñîîòâåòñòâóþùóþ çàäà÷å ìèíèìèçàöèè ôóíêöèîíàëà, è
ïîêàçàòü, ÷òî ðåøåíèå u /∈ H1

0 (Ω), ò.å. |u|1 íå ñóùåñòâóåò (èíòåãðàë, ñîîòâåòñòâóþùèé óêàçàííîé
íîðìå, ðàñõîäèòñÿ).

Çàäàíèå 4.4 (ïðàêòèêà). Ðàññìîòðèòå ïðîèçâîëüíóþ ìàòåìàòè÷åñêóþ ìîäåëü, êîòîðàÿ îïèñû-
âàåòñÿ â âèäå êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè âòîðîãî ïîðÿäêà ãè-
ïåðáîëè÷åñêîãî èëè ïàðàáîëè÷åñêîãî òèïà â òðåõìåðíîé îáëàñòè ïî ïðîñòðàíñòâåííûì

ïåðåìåííûì. Ïîñòðîéòå ÷èñëåííîå ðåøåíèå ìîäåëè ñ ïîìîùüþ ìåòîäà êîíå÷íûõ ýëåìåíòîâ
ñðåäñòâàìè PDE Toolbox â Matlab èëè áèáëèîòåêè FEniCS â Ïèòîíå èëè â Mathematica. Íà çà-
íÿòèè ïðåäñòàâüòå ñîäåðæàòåëüíóþ ïîñòàíîâêó çàäà÷è (åñëè èìååòñÿ), ìàòåìàòè÷åñêóþ ìîäåëü
è ðåàëèçàöèþ ðåøåíèÿ çàäà÷è.

7



Òåìà 4, ÄÂ Ìåòîä êîíå÷íûõ ýëåìåíòîâ, Ëàâðîâà Î.À. (ÌÌÔ ÁÃÓ), 2021

Ñïèñîê ëèòåðàòóðû

[1] Âëàäèìèðîâ, Â.Ñ. (1981): Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. M.: Íàóêà.

[2] Îãàíåñÿí, Ë.À., Ðóõîâåö Ë.À. (1979): Âàðèàöèîííî-ðàçíîñòíûå ìåòîäû ðåøåíèÿ ýëëèïòè÷å-
ñêèõ óðàâíåíèé. Åðåâàí: Èçä-âî ÀÍ ÀðìÑÑÐ.

[3] Òèõîíîâ, À.Í., Ñàìàðñêèé À.À. (1977): Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. M.: Íàóêà.

[4] Øàéäóðîâ, Â.Â. (1989): Ìíîãîñåòî÷íûå ìåòîäû êîíå÷íûõ ýëåìåíòîâ. Ì.: Íàóêà.

[5] Braess, D. (2003): Finite Elemente - Theorie, schnelle L�oser und Anwendungen in der
Elastizit�atstheorie. 3. Au�age. Berlin, Springer.

[6] Brenner, S.C. and Scott, L.R. (1994,2008): The Mathematical Theory of Finite Element Methods.
Berlin, Springer.

[7] Ciarlet, P.G. (1978): The �nite element method for elliptic problems. North Holland.

[8] Gekeler, E.W. (2006): Mathematische Methoden zur Mechanik. Ein Handbuch mit MATLAB-
Experimenten. Berlin, Springer.

[9] G�oring, H., Roos, H.-C. and Tobiska, L. (2010): Finite-Elemente-Methode f�ur Anf�anger. 4. Au�age.
Berlin, Wiley-VCH.

[10] Logg, A., Mardal K.-A. and Wells, G. N. (2012): Automated solution of partial di�erential
equations by the �nite element method. Berlin, Springer.

[11] Langtangen, H.P., Logg, A. (2016): Solving PDEs in Python � The FEniCS Tutorial Volume I.
Berlin, Springer.

[12] Verf�urth, V. (1996): A review of a posteriori error estimation and adaptive mesh-re�nement
techniques. Stuttgart, Wiley-Teubner.

8


