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1 Bsgenenue

2 MHWurerpasgbHas (popMyITMPOBKA NN TUIECKON KPaeBoii 3a/1a4u BTO-
poro mopsakKa

3 IIpoctpancrBa CoboseBa
4 CyuiecTBoBaHNE €INHCTBEHHOTO PeIlleHUs BaPUAIIMOHHON 3aa4n

5 Merox l'anepkuna. IIpocTpaHCcTBO KOHEYHBIX 3JIEMEHTOB

Wneq gucieHHOro perreHust KpaeBoil 3a/1a4u MEeTOI0M KOHEYHBIX 9JIEMEHTOB 3aK/TF0YAETCs B pPelle-
HUM COOTBETCTBYIOIIEH BAPUAIIMOHHON 3a/1a1u, C(POPMYJIUPOBAHHON B HEKOTOPOM npocTpancTse Cobo-
seBa V', B MOAXOAAINEM KOHEIHOMePHOM Toanpoctpanctse Vi, C V. Beibop moampocrpanctsa Vy ocy-
IECTBJIAETCS TAKUM 00pa30M, YTOOBI IPU CTPEMJIEHUN TTApaMeTpa JUCKPETH3anuu objaactu h K HYJI0,
YUCIeHHOE Perrnerue up € Vi, crpeMusioch K 0600IMeHHOMY PEITIeHnI0 KPAeBoil 3aga4uun, T.e. up — U € V.
npu h — 0.

Meron HaxoXK,TeHusT TPUOINKEHHOTO PEIIeHns BAPUATIMOHHON 33,/1a91 33 CUeT TTepexoiia 0T DECKOo-
HEYHOMEDPHOI'0 IpocTpaHcTBa V' K KoHEYHOMEpHOMY noanpocTpanctsy Vi, C V HazbiBaeTcsd METO0M
Tanepkuna:

Haittu up, € V, Takyto, aro

a(up,v) =1l(v) Yv eV, (1)

Bapuanuonuas 3amada (1), copMmynmpoBanHas B KOHETHOMEPHOM IPOCTPAHCTBE V},, HA3BIBAETCS AUC-
KpeTHOoii 3agad4eii, a perenne up HA3BIBACTCS JTUCKPETHBIM PEIeHUEM.

TIpomecc perennst nCXOAHON 3aa9W METOIOM KOHEUHBIX DJIEMEHTOB MOYKET OBITH MPEICTAB/ICH B
BHJIEe MTOCJIeI0BATEILHOCTH MPeodPa30BaHuil, TPUBOSIEH K MPUOTMKEHHOMY PEIeHU) UCXOTHOM 3a-
naan: Mcxonnas 3agada (ommcanue peaabHO cucrembl) — Maremarudeckast MOZJETh B BUJE KPAEBOit
3ajaun — Bapwmanmonras 3agada — JIMCcKpeTHas 3a1a4da.

ITpu ycaosum, 9T0 TPOCTPAHCTBO V), ABIseTcs MuHEHHbIM, OumrHelinas dhopma a(u, v) cummerpud-
HOI 1 TTOJIOKUTENBHOMN, a hyHKIIonal [(v) TMHeHHBIM, BAPHAIMOHHAS 345492 SKBUBAJIEHTHA, PEIIEHUIO
sajaun MuanMusanuu (cm. Teopema 2.2):

min{;a(v,v) ) s ve Vh}.

[Iepexon 0T 6ECKOHETHOMEPHOTO TIPOCTPAHCTBA V' K KOHEYHOMEPHOMY MOANPOCTPAHCTBY V), IPH pertie-
HUM 331491 MUHUMU3aluu HasbiBaercs Meromom Purma (1908).

Teopema 5.1 (anasor jgemmbl Jlakca-MuasrpaMa ijig AUCKpeTHOM 3a1adn). [Tyems V' — 2uavbepmoso
npocmpanemso, buaunetnas gopma a @V x V. = R asasemea srsunmuyeckol u nenpepuehol, a
aunetnas gopma | 0 V. — R nenpepwenoti, mozda duckpemnasa 3adaua (1), chopmyasuposannan 6
nodnpocmpancmee Vi, C V|, umeem eduncmsennoe pewerue.

Ilycrb 3agaH0 N AMHEHO HE3aBUCUMBIX (DYHKIUHA Y1, . . ., ¥, u3 0asuca cenapabesibHOro ruabbep-
ToBa mpoctpancTBa V. C momonteio dyEKINIT 1) MOYXKHO HOCTPOUTH N-MEPHOE TOIIIPOCTPAHCTBO V),
IPOCTPAHCTBa V' KaK MHOYKECTBO BCEX JTMHEHHBIX KOMOWHAIMN DbyHKIHI 1))

n
Vi, = Z zj; 1 1 € V— nuneiino-nezapucumble Gynknuu, j = 1,n, z; € R
j=1
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DyuKkun 1 HA3LIBAIOTCS 0a3MCHBIMU (DYHKIMSAMU B POCTPAHCTBE V3, pazmeprocTH N (Wan 1JI0-
bampHbIME DYHKIMIMUA (GOPMBI B TpocTpancTre V).

Bapuarmmonusie ypasHenus quckperHoi 3agaun (1) cnpasemnuesl ais Beex dbyakmit vy € Vy,. B
CUJIy CBOMCTB BApUAIMOHHBIX YPABHEHUI UX JOCTATOYHO YIAOBJIETBOPUTH TOJIBKO /i 6a3UCHBIX (DYHK-
it

alup, i) =U(¥i) i=1n. (2)
[IpescraBum HeU3BeCTHYO (DYHKIIUIO U, B BAJIE PA3JIOKEHU 10 33 0annoMy 6asucy {1;} ¢ HekoTopbiMu

koaddunmenTaMn pazsiokenns z; € R
n

up = Z Zjl[}j.

j=1
Torna BapuanuoHHble ypaBHeHUs (2) mepedOpMyIUPYIOTCS B BUJE CHCTEMBI JIMHEHHBIX ajrebpande-
cknx ypasuernii (CJIAY) g HeM3BECTHBIX YHCIOBBIX KO(bMUINEHTOB 2;

n

Za(%‘,%)«zj =1(¢;) i=1,n.

i=1
D710 1mo3BOJIgET CHOPMYIUPOBATE TUCKPETHYTO 33ady (1) B MATpUdIHOM BHE
Az = b,

rae Aij = a(j, ), by = (), i, = 1,n. llmeem cucremy u3 n ypaBHeHHil ¢ 1 HEH3BECTHBIME Zj.
[Mokaxkem, uro marpuna A sBASETCS MOI0KUTENBHO-OTIPEIEEHHOM, ecn Oununeiinas Gopma a(u, v)
BapHAIMOHHOM 3a71ady ABJIsgeTcs symmnTdeckoit (3 a > 0, o a(u,u) > of|ul|?, Yu € V)

n n n
Az = Y mAyzi= ) mal, )z =Y a(zy, zi)
i,j=1 4,7=1 4,7=1
n n

2
= a E zj, E zihi | = alup,up) > allug|]® > 0.
j=1 i=1
I3 nosoxkuresnbHON onpegenenHocTn MaTpuipl A ciegyer ee 06paTHMOCTD U OJHO3HAMHAS DA3PEIIn-
MOCTb JTUCKPETHOH 3a1a4m. [Iporece pemmennst TUCKPETHON 3a1a91 O3HAIAET:

e Ha OCHOBe OasucHbIX DyHKIWMI 1); mpocTpancrsa V), BeraucmTs Beandanusl A;j u b;,
e HAWTH 2j KaK pelIeHne CUCTEMbI JHHeHHBIX aJredpandecKux ypasHeHHN Az = b,
® TIOCTPOUTDH MPUOIMKCHHOE PeIeHue Uy € Vi, B BUIE Uy = Z?Zl 2jj.

Wnes MeTo/1a KOHEUHBIX 3JIEMEHTOB CBsi3aHa, CO CIIENNAJIBHBIM IIPOIECCOM BbIBOpa 6a3uCcHBIX (DyHK-
1mii. A UMEHHO, JIJIST MOCTPOEHUST METO/Ia KOHETHBIX JIEMEHTOB B Ka4eCTBe 6A3UCHBIX (DYHKITHI UCTIO/Tb-
3ytoTcd (punurHble dynknun. PunnTHag QYHKIUA 1P OTJIMYHA OT HY/Id B HEKOTOPOHl KOMIIAKTHOII
nogobsiactu supp ¥ (nocurens Gynxnuu) obractu () U paBHa Hy/II0 Ha ocraBiieics dactu obaactu (2.
Bribop dunuTHBIX (hyHKIUI B KadecTBe OA3UCHBIX SIBJISETCs PEIIAONUM 71 3(hDEKTUBHOCTH TIPAK-
THYECKOH peasm3anum MeTo/1a KOHEYHbBIX 31eMeHTOB. B 3TOM ciryuae marpuna A saBisercs pa3perKeH-
HOW — MaTpuia ¢ MaJbM YUCJOM HEHYJIEBBIX 3JIEMEHTOB (OTHOIIEHUE YUC/IA HEHYJIEBBIX 3JIEMEHTOR
MATPHIIEL K OBIIEeMY 9ucy 3J1eMeHToB Menbine 5 %). [eficTBurenbHo,

Aij = alj, i) Z/Zalkaz%ak%ZZ/CLZMH/JJ@M%
Q Lk V8

= Z a0 Opth; = Z / a0y Ok,

L,k L,k
T SuUpp ¥;NSupp v; ’ Ugi,ngTT
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TIe supp ¥j = UTeTh ger Ty Th = {T}},_15,; — MHOKECTBO BCex 3meMeHTOB pasbuenust obmactu 2. C
SJ —4

BBIYHCIUTENBLHOM ToUKH 3penud nponece pemenns CJIAY 11 pasperKeHHBIX MaTPHIL ABJIAETCI OYeHb

3 PEeKTUBHBIM.

5.1 IIpocTpaHCTBO KOHEYHBIX IJIEMEHTOB

MeTos KOHEUHBIX 3/IEMEHTOB B €ro mpocteiinieit (popme, 310 Meron [asepkuna, xapakTepu3yeMblit
CIEIYIONIAMEU TPEeMS OCHOBHBIME ACIEKTAMU B TOCTPOSHWH TOANPOCTPAHCTBA V), — MPOCTPAHCTBA KO-
HEYHBIX 3JICMECHTOB.

1. Pasbuenue obiacru ) HA KOHEYHOE YHC/IO HEIEPECEKAIOMIMXCS 110400/1aCTeil, KOTOPhIE Ha3blBa-
10TCa smemeHTamMu. MHOKecTBO Beex 3emenTos obosuadaerca Ty = {11, Ts, ..., Ty }. Ilpn sTom
pasbrenne 06JIACTH IOJXKHO OBITH JOIYCTHUMBIM. DTO O3HAYAET, YTO JOJIKHLI BHITOJIHITHCS CJIe-
AyIoIue CBOMCTBA

_ M -
(a) Q= ;Z; Ti, rue Bce snementsl T; ABISIOTCS UM TPEYTOIBHUKAMHE UJIH T€THIPEXYTOJIbHN-
KaMW WU TETPA3IpaMM WA TPU3MAMU;

(b) Ecnu T; NT},i # j aBigercs TOYKON, TOrJa TOUKA SBJISETCH BEPIIUHOM Kak syementa 15,
TaK U s1emMenTa 1},

(c) Ecoim T; N'Tj, i # j aBisieTcss MHOXKECTBOM TOYEK, TOIJA 9TO MHOMKECTBO sIBJIsIeTCs OOImeit
rpaHbio Js ssementos 1; n 1.

2. Ompegenenne HoCUTe s Oa3UCHOM (DYHKINHU t; B BUAE O0beJIUHEHNS 3JIEMEHTOB, COJEPIKAITIX
TOUKY &

supp v¥; = U T.

TGTh,Ej eT

KonngectBo Touex &; € (), Ha OCHOBAHHU KOTODBIX CTPOATCA Ga3WCHbIE (PYHKIIUH, OIpeeiseT
Pa3MeEPHOCTH MATPHUITHI JUCKPETHON 3a/Ia9H.

3. Omnpegenenne ba3ucHO (PYHKIWKM B BUJE MHOrOWIEHA. B 9acTHOCTH, HA KaxXaA0M 3jemenTe T
dbyuknug vy, € Vp, sBiidercs MHOIOWIEHOM CTEleHH, MeHblrnel jubo pasBHoil n, eciau 1 — Tpe-
YTOJIbHUK

vy € Poi=A{pla,y) = Y cya'y’}
0<i+j<n

WA CTETIEHU, MeHbIIel b0 PaBHOM N, 0 KAXK 0 MepeMeHHOM, ecu 1 — JeTBIPeXyTOIbHUK

vnlr € Qni={q(z,y) = Y cjaly’}.

0<i,j<n

ITpu ycaosuu Vi, C V = H™ () IpoCTpaHCTBO KOHEUHBIX 3JIEMEHTOB 001a1a€T CBOHCTBOM
Vi, C Cm_l(Q)

[IpocTpaHCTBO KOHEUHEIX 3JIeMEHTOB Vi, cocrodmmee u3 HempepbubX dymknmii C0(Q), meobxommmo
JUTA PEITEeHNs DJIINNTUIECKON KPaeBoil 3a4a4n BTOPOTO MOPAIKA, TOTAA KAK [IJId PEIIEHUsT 33034 IeT-
BEPTOTO TOPS/IKA HEOOXOIUMO MCIOIb30BaTh C''-IpPOCTPAHCTBO KOHEUHBIX 3jeMeHToB. Llpu ycaoBun
Vi, C V mpocTpaHCTBO KOHEUHBIX IJIEMEHTOB HA3BIBAETCH KOH(MOPMHBIM U METOJ KOHEUHBIX JIEMEH-
TOB Ha3bIBaeTCd KOHMpOpMHBIM. B TPpOTUBHOM cJlydae MPOCTPAHCTBO KOHEUHBIX JJIEMEHTOB HAZBIBAETCS
HEKOH(OPMHBIM.
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CaM]:)IM PaCTTpOCTPaHEHHBIM TPOCTPAHCTBOM KOHEYHBIX JIEMEHTOB Ha TpeyFOﬂbHOﬁ CETKE ABJIACTCHA
IIpocTpaHcTBO THHeHHEX dmementos n3 C0(Q) (mpocrpancrso Kypanta, mpocTpancTBo Pi-31eMeHTOB )

Vi ={ve Q) : vy € P(T),VT € T}

[To onpenenenuto npon3BosbHasd (hyHKIUS TPOCTPAHCTBA V), ABJsgeTCS JIMHENHON HA KAXKIOM 3JIeMEHTE
¥ KYCOYHO-HEIPEePBIBHOM BO Beeit obsactu. B wactaocTy, 6asucubie hyHKIMN NPOCTPAHCTBA V) MOXKHO
OTPeJEeIUTH COOTHOIIEHNEM

wj(fl):52j7 ,] = ]-an'
B srom ciydae koadbdunmenTsl 2 pa3ioKenns AUCKPETHOTO PEIIeHNd Uy, 10 0a3uCy TPUHIMAIOT KOH-
KPETHBIN CMBICT 2; = Up(&;).
Jlpyrue mpuMepsl MPOCTPAHCTB KOHEIHBIX 3JIEMEHTOB:

e POCTPAHCTBO KBAJIPATHIHEIX TPEYTOIbHBIX 31eMenTos u3 CO(Q) mim Pr-smeMenTos,
e IPOCTPAHCTBO KyGIMYIeCKHX TpeyrobHbX saementon w3 CO(Q) mwm P3-smementos,

® IPOCTPAHCTBO TPEyroIbHEIX 3aementos Aprupuca us CH(Q), u|r € Ps,

® IPOCTPAHCTBO TPEYTOJBHEIX siaementTos Bemna uz CH(Q), ulr € Ps,

® TIPOCTPAHCTBO OUIMHEHHBIX MPSIMOYTOJBHBIX 3JIEMEHTOB 13 CO(Q) win (J1-37€MEeHTOB, U T.JI.

Ha mpaxtuke onpenenenne 6azncHbIX (DYHKITUE OCYIIECTBISETCS HA OCHOBE TOHSATHS KOHEYHOTO
SJIEMEHTA.

5.2 Koueuynsrii 3j1eMeHT

Ounpegesienne 5.1 (Coapae, 1978). Koneunstii anement onpeaensercs tpoiikoit (7,11, 3), rue

T — 3aMKHYTOE MTOIMHOXKECTBO R? ¢ HEILYCTBIM MHOXKE€CTBOM BHYTPEHHUX TOYEK M HENPEPLIBHON
o Jlummuiy rpaHunei;

II — konewHOMEpPHOE NPOCTPAHCTBO BEIECTBEHHBIX (DYHKIUH PA3MEPHOCTU S, OIPEICTCHHBIX Ha
muoxkectse 1T, Takoe, uro I C C(T);

> — MHOXKeCTBO M3 § JIMHEHHO HE3ABUCUMBIX JUHEHWHBIX dyukiuonaaos [; : [I — R Takwmx,
yto Vp € Il omnosnagnbiv 006pazom onpemensierca 3uadenusMu byHKIMOHAMOB n3 % (cBoiicTso 11-
YHUCOJIbBEHTHOCTHN). IpyrumMu cjioBaMu, B KOHEYHOMepHOM mpocTpaHcTse II MOXKHO ompenenuTs s
bazucabx pyaknuii L;(€), aro

Vel p(&) =S LpLi(e), £€T, Les.
=1

Jlureitabie ¢pyHKIMOHAIBI [; € 3, 4 = 1, S HA3BIBAIOT CTEMEHAMU CBODOOBI KOHEYHOrO 3JIEMEHTA.
MuozKecTBO Y Ha3LIBAIOT MHOXKECTBOM cTeneHeil coboabl. Basucubre dyuxkmun L;(§) € 11, i = 1,
Ha3bIBAOTCH PYHKIUAMU (POPMbI KOHEYHOTO DJIEMEHTA.

Econ muoxkectro T sBasierca d-cuMILIeKCoM (BBITYK/Iasg 060I09Ka MHOKECTBa u3 d-+ 1-0ft nueitno-
HE3aBUCUMOI TOUKH), TO KOHEYHBIN 3JIEMEHT HA3LIBAETCS CAMILIUITMAILHBIM (TPeyroabHbIM Ipu d = 2,
TeTpasganbHbIM Tpu d = 3).

Ecnu MHOXKeECTBO cTeneneil ¢cBoboabpl X ONpeensaercsa 3HAaYeHAME B TOYKax, NpuHaIeKamumx 1,
re. li(p) = p(&), & € T, Torna KOHEUHBINH 3JEMEHT HA3bIBAETCH JIATPAHYXKEBBIM KOHEYHBIM 3Jie-
MeHOM. JlarpaHyKeBbl KOHEUHBIE 3IEMEHTHI UCIIOJIb3YIOTCS JITd AIIPOKCHMAIIE pocTpancTsa H ().
JIpyruMu BO3MOXKHOCTSMU 3aJaHus crereHeil cBo00Ibl ABIMIOTCH 3a/laHue 3HaYeHUil IPOU3BOAHbBIX B
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TOYKaxX 3aeMenTa 1 wian 3nadennii naTerpasios mo 1. Ecanm B KavecTBe ommoit M3 crTeneneit cBOOOIBI
UCIIOTH3YETCsl 3HAYUEHUE MPOU3BOIHON, TO KOHEUHBIH 3JIEMEHT HA3BIBACTCS IPMUTOBBIM KOHEUHBIM
3JIeMeHTOM. [[puMepoM SBJISETCST KOHETHBIM 3JIeMEeHT ApPrupuca, KOTOPBIH UCITOIB3YeTCsT st aIlllPOK-
cuMarnu pocTpancTsa H2 ().

TIpocTparcTBO KOHEUHBIX IIEMEHTOB OmpeaeadeTcd pasduenuem obsacTu Ha daeMeHThl 1} U 3a1a-
nueM Korearoro sneMenta (1,11, X) omHoro m Toro ke THna I/ BCEX 3JEMEHTOB pasbneHus

Vh:{U:Q%R, : ’U‘TGH(T), VTETh}.

Bazucusie dhyaKImm {wi}i:ﬁ MPOCTPAHCTBA KOHETHBIX JIEMEHTOB Vj, cTpodATCst 10 (byHKIUIM (HOPMBI
qutst Kaxkoro sjiementa I € Ty. Ilycrs crement cBobomast [, COOTBETCTBYET HEKOTOPO# Touke a. [lycrs
I, 0603HAYAET MHIIEKCHI 9JIEMEHTOB 00IaCTH, KOTOPBIM MPUHAIEXKHUT TouKa a. [Iycrs LE(€) mus kaxk-
moro ¢ € I, obosHagaer pyHKIMH (DOpMBI Ha djemerTe 1;, COOTBETCTBYIOIIYIO CTEMEHU CBOOOMBI [g4.

Torna 6azucuas byHKIMS P, TPOCTPAHCTBA Vp, COOTBETCTBYIONIAA CTEIIeHN CBOOOIbI [y, Olpeiesisiercs

COOTHOIIICHUAMMN
L¢(¢), rne £ €151 €1,
B IPOTHBHOM CJIydae.

PaCCMOTpI/IM HECKOJIBKO MMPUMEPOB 3aJaHNAd KOHCEYHbIX JJIEMEHTOB.

IIpumep 5.1. B ognoMepHOM NpOCTpaHCTBE 3jeMenToM obaact T’ Jjis MOCTPOeHUs] KOHEUHOTO 3J1e-
MeHTa gBJsgercst orpe3ok. Ilycrs T = [0,1], IT = Py(T) = span{l, z} npocTpancTBo JuHedHbIX (HyHK-
it HA OTpe3Ke, pa3MepHoCTh npoctpancTtBa § = 2. Onpegennm X = {ly,lo} 3wavenusavu dyHk-
mit p € II ma xommax orpeska, T.e. [1(p) = p(0) u la(p) = p(1). Torma dyuximu GopMbl Tpo-
crparctsa 1l onpenenstoress ogrosnadno, kak Li(z) = 1 — x, Lo(x) = x. B obmem cayuae, Korma
T = [a,b], II = Py(T) — 1upocTpaHCTBO MHOTOYJIEHOB CTeleHn < k C Pa3sMepHOCTLIO MPOCTPAH-
ctBa § = k + 1, Torma mHOxecTBO crenenedt cBobombr X = {l,lo,...,lg+1} MOXKHO 3amarTh Kak

Lilp)=pla+(b—a)i—1)/(k+1)),i=1k+1.

Ipumep 5.2. Paccmorpum cayuaii R?, spmementoM obmactu mosmaraeM Tpeyroibuuk 1. Ilyers IT =
Py (T) = span{1, z, y} npocTpancTBo JUHEHHBIX (DYHKIMI HA TPEYTOJIBHUKE C PABMEPHOCTHIO § = 3, 3
onpenessgerca 3HadeHusaMu byHkiuid p € I1 B HEKOTOPBIX § TOYKAX, NPUHA/IEXKAIINX TPEYTrOJbHUKY,
Y ={p(a;) : a; € T,i =1, s}. Paznuunbiii BIGOP TOYEK @; MPUBOJUT K PA3IUYHBIM TUIAM KOHETHBIX
9JIEMEHTOB.

e Ecin crenensimu ¢BOGOIBI sIBJSIOTCsI 3HAYEHUsI B BEpIIMHAX TpeyroybHuka (sement Kypa#n-
Ta), Torga dyukius p € II ma cropone Tpeyronsuauka 1, o6mmedt ¢ TPEYTOIBHIKOM T, OJTHO3HATHO
OTIPE/IeSISIETCS 3HAUCHUSIMU HA KOHITAX CTOPOHBI U COBIAJAET BIIOIh 3TOI CTOPOHBI ¢ (hyHKIHET
pE ﬁ, OTIpeJIeIEHHON Ha TPEYTOJbHUKE T. Taxkum obpazom, mpocTpanctBo Pi-3jaementon Oymer
COCTOATH M3 HeImpephIBHBIX dyEKmmil, T.e. Vj, C CY(2). [IpocrpancTtso Pj-3/1eMeHTOB SBIAET-
cst KOHDOPMHBIM, CXeMaTHIeCKoe m3o0paxkenne Pj-smementa npegcrasaeno Ha Puc. 1 (Lineares
Dreieckelement).

e Eciu cremensimu cBOOOBI ABISIOTCS 3HAYEHUSI B CEPEMHAX CTOPOH TPEYTOJbHUKA (IJIEMEHT
Kpysee-Pasbsipa), rorga dbysakiua p € II na cropone rpeyronbauka 1', obwedi ¢ TpeyrosibHu-
koM T', HEOIHOBHAUHO OTIPE/ICISETCS 3HATCHIEM B CPEHEH TOUKE 1 COBITAACT C dyukneit p € I,
OIIPEICIEHHOI! Ha TpeyroabHuKe 1), TOIbKO B cpeHeil Touke. TakuM 06pasoM, IPOCTPAHCTBO SJ1e-
menToB Kpysee-Pasbspa 6ymer cocToaTh n3 Pa3pbIBHBIX (PYHKIUI BAOIL CTOPOH TPEYTOJILHUKOB.
IIpocTpancrBo 3yemenToB Kpyzee-Pasbspa sBisercs HeKOHMOPMHBIM.

Ipumep 5.3. Paccmorpum cayuaii R?, smementom obmactu mosmaraem Tpeyroisunk 1. Ilyers I =
Py(T) = span{l,z,y, 2%, y?, 2y} mpocTpaHCTBO KBAPATHIHBIX (DYHKIMIA HA TPEYTOJBHIKE C PA3MEPHO-
cThi0 § = 6, X onpenessiercsd 3HaueHUIME PYHKIUN n3 Il B § ToUKax, npuHajIeKaimx TpeyroJibHUKY.
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Ecnu crenenssmu ¢cBOOOIBI ABSIOTCS 3HAYEHUS B BEPITUHAX TPEYTOJLHUKA U B CEPEIUHAX CTOPOH, TOT/Ia,
dyrkuns p € II ma cropore Tpeyroabauka 1, 06mmedl ¢ TpeyrogbHIKOM 1), OIHOSHAMHO OIPeTe/IsSeTCsT
BHAYEHUSIMN Ha KOHIIAX CTOPOHBI W B €€ CPeJHEeil TOYKEe W COBIAJAeT BIOJb dTOH CTOPOHBI C (DYHK-
uneit p € II, onpenesennoit ma Tpeyronpauke 1. Takum 06pa3zoM, IPOCTPAHCTBO Py-31€MEHTOB GymeT
COCTOSITh W3 HenpepbiBHLIX (Gyurnmit Vi C CO(Q) u Oymer SBASTHCA KOHGOPMHBIM. CXeMaTHIecKoe
n3obpazkenune Pa-syementa npescrasiaeno va Puc. 1 (Quadratisches Dreieckelement).

Lineares

Dreieckelement Bell-Dreieck
Quadratisches Bilineares
Dreieckelement Viereckelement
Kubisches Serendipity
Dreieckelement Viereckelement

Puc. 1: IlpuMmepbl KOHEUHBIX 37IEMEHTOB.

5.2.1 Iloctpoenue dhyukruii GopMbl I JUHEIHHOTO TPEYTOJBHOTO KOHEYHOTO JIEMEHTa
P(T)

Paccmorpum Pj-aniement na Tpeyrosbuuke T ¢ epmmnamu a; = (x;,v;), i = 1,3. Tonaraem 06-
XOJI BEPIINH TPEYTOJBLHUKA ITPOTUB 9acOBOil cTpesKu. MHOTOUIEeHD TIEPBOii CTEIEHN Ha TPeyTOJIbLHUKE
Py (T) onnoznauno onpesensioTcs 3nadennsayu bynkiumit B eprmnax X = {p(a;), ¢ = 1,3}. JeiicTu-
TeJILHO, MPOU3BOJILHYIO (byHKIHIO npocTpancTsa p € Py(T) moxuo pasznoxuth 1o 6azucy L;(z,y) B
CJIETYTOIIEM BH/IE

p(§) = pla1)Li(§) + plaz) L2(§) + plas)L3(§)  VE = (z,y) € T,Vp € Pi(T).

Bosemem B Kauecrse dyuxnuii p(¢) Gasucubie dynknun {z,y, 1} mpocrpancrsa P (R?) u mocrponm ¢
ux nomoIIbio Gyukimuu Gopmbl Ha Tpeyroiabauke 1. [logyaum cucremy ypaBHeHUl Jjis ONPEIEICHUs
dbyukiuit popmb

X Tr1 T2 I3 L1 (é )

yl=1v w2 ws| |L2Af)

1 1 1 1 Ls(¢)

[Mpumenga npasuio Kpamepa Kk mocTpoerHoi cucremMe ypPaBHEHUN UMeeM, 9TO

. S(A§a2a3)

Lyi(§) = S(T) = 7S(Aa1§a3)

L2(§) _ S(T) 7 S(Aa1a2€)

L3(§) = S(T)
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Tae
1 Tr1 T2 I3
S(T) = 5 det | y1 y2 y3
1 1 1

OT1MmeTnM CBOMCTBA, MOCTPOEHHBIX (DYHKITUH (DyHKITwI:
1. L, e P, (T);
2. 0< Li€) <1, €€T,

w
h
<.
—~
S
.
SN—
I
=]
<
=
<
I
—_
w

[Mocrpoennsie dyuKIME HOPMBI UMEIOT T€OMETPUYECKYIO0 WHTEPIPETAIINIO: OHU SIBJISIOTCH OApUICH-
TPUYECKUMU KOOPJIMHATAMHU IPOU3BOJIbHOM Touky £ € T OTHOCUTEJIBHO BEPIIUH TPEYTOJbHUK G

3
T ={&=aM(§) +aha(§) +ashs(§) : 0 < N(€) <1, ) Ni(§) =1}
i=1

OTMeTuM HEKOTOpBIE CBOMCTBA GApPUIIEHTPUIECKUX KOODJIMHAT, KOTOPhIe OYIyT HCIIOJIB30BATHCS TPU
nocrpoennn pyHkIuit popmbl st Pp-smemenros, n > 1,

e ecsit \; = 1, TO HapUIEHTPUYIECKIE KOOPJIWMHATHI 3a/1af0T BEPIITUHY Oy}

e ecsim A; = 0, 70 OapuIleHTPUIECKIE KOOPAMHATHI 33/IA0T MHOYXKECTBO TOYEK CTOPOHBI TPEYIOJib-
HWKa, TPOTUBOJIEYKAIIEN BEPITUHE 4]

e ccsir A; = 0.5, To GapurieHTprYecKne KOOPAMHATH 33JIaf0T TOUYKU CPEJIHEN JUHWY, TPOTUBOJIE-
ZKallell Bepimae a;.

Teopema 5.2. I[Iycmo T aeasemca d-cumnaexcom c¢ eepwunamu a;, + = 1,...,d + 1. Tozda dan
3adanno020 yeaozo k > 0 scaxut muozousen p € Py (T) 00nosnauno onpedeasemes c60uMu 3HAMEHUAMUY

HA MHOIMCECITNBE
d+1 1 k‘—l d+1
5:;)\%, \ € {Okkl} ;Aizl

YeoBusim TeopeMbl 5.2 COOTBETCTBYIOT TPEYTOIbHBIE KOHEYHbBIE JIEMEHTHI pu d = 2, HaIpUMEp Ha
Puc. 1 (Lineares Dreieckelement, Quadratisches Dreieckelement, Kubisches Dreieckelement), a rakxe
TeTpasApaJibHble KOHEUHbIE 3JIeMEeHThl Tpu d = 3.

5.2.2 AdwuHHbIe ceMecTBa TPEYI'OJIbHbIX KOHEYHbIX 3JIEMEHTOB

IIpeaoiozKuM, 9T0 3a1aH0 CEMEICTBO TPeyTroIbHBIX KoHedHbIX sseMenTos (1), 11, X)), otsinane mex-
JIy KOTOPBIME TOJIBKO B 3ajanun s1ementa 1. Ilenpto sBasiercs nouck Hanbosiee mpocToro OnucaHust
TAKOI'0 CEMENCTRA. HpaKTI/ILIeCKaH peam3anvd N aHaJIN3 MEeTOJda KOHCEYHBIX JJIEMEHTOB 3HAYUTEJIHLHO
YIIPOITAETCsI, €CIM BCe KOHEUHBIE 3JIeMEHTbI, COOTBETCTBYIOIINE pa3OnueHnto ob1acT, MOryT OBITh MO~
JIy9€HBI W3 OJHOTO TUTIOBOTO JIEMEHTA.

OGozmauny uepes T’ THIOBOH TpeyrobHuK ¢ Bepummamu a1 = (0,0), do = (1,0),a3 = (0,1). Ilpo-

W3BOJIBHBIN TPYTOJIBHUK 1’ MOXKET OBITH MOJIYYeH U3 TUIIOBOTO TPEYTOJLHUKA 1| ¢ TOMOIIBIO apUHHOTO
npeobpaszoBanus F

Fr:T—T, FPp)=Bré+drumé=Bré+dr, £€T,
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rie By = (b1, by) € R?*2, dp € R?. Marpuna By u BekTop dr OTPEeSesSIOTCs 03 YCIOBHS COOTBETCTRITS
sepumH Fr(a;) = a;,i = 1,3. Umeem

FT(dl) = dT = dT = a,

FT(dg) =bi+dr = b =ay—ay,
FT(@g) =by+dr = by=a3—a;.

Torna marpuna By = (a2 — a1,a3 — a1). Marpuna By saBisiercsa HEBbIDOXKIEHHOM, Tak Kak det By =
-1, -
25(T), cnemoBaTebHO CyIIECTBYET (36paTHoe upeobpaszosanue Fr.° T — T
Bospmem npon3BOMIBHYIO TOUKY § Ha TUIOBOM 971eMeHTe, OapHIeHTPUIeCKHe KOOPAUHATE KOTOPOit
obosHaun uepe3 Ai, Ao, Az. Torma mmeem, 4To

3

3 3
Fr)=Fr (> Adi | =) NPr(d) = hias,
i=1 i=1

=1

T.e. mpeobpazoBanune Fr He ndMeHaeT HapUTTEHTPUIECKHE KOOPANHATHI TOUEK TPeyTroabHIKa. B3anMuo
OHO3HAYHOE COOTBETCTBUE MEXK/1y TOYKAMKU MHOXKECTB T n T IIO3BOJIACT aCCOUMUPOBATHL IPOCTPAHCTBO
Il ¢ npocrpancTeoMm 11}

Hr={p:T—>R:p=poF;', pell}.

Hpyrumu csioBaMu, BMECTO ONHCAHUS CeMeficTBa KOHEYHBbIX 3jeMeHToB manubiMu (1) Ilp, ¥7) mas
KayKJIOTO 3JEMEHTa, JOCTATOYHO 33JaTh OJWH TUIOBON KOHEYHBIN IJEMEHT (T , j, X7) n adunnbie
orobpazkenus Fr nnsg kaxjoro sjmemenTta. ['oBopsdT TOrga, 9To ITPOU3BOJIBHBIN KOHEYHBINH 3JIEMEHT
(T, 117, ¥7) apuHAO-9KBUBAIEHTEH TUIIOBOMY KOHEYHOMY JIEMEHTY (T, IL;, ¥7) u onpenensercs ope-
obpazopanueMm Frp. CeMeficTBO TPEYrOJIbHBIX KOHEYHBIX JIEMEHTOB HABJsgeTcsd adpDUHBIM CEMENCTBOM,
TaK KaK BCE €1'0 3JIEMEHTbI aCbI/IHHO-SKBI/IBaJIeHTHbI OJHOMY KOHE€YHOMY IJICMECHTY. TaKaH CB43b ABJId€T-
Cd CYIIECTBEHHOM /st PEATN3aIiy ¥ aHAJIN3a METOa KOHEIHBIX 3/71eMeHTOB. Boranciennsa koadduin-
eHTOB JIMHEHHON crucTeMbl Az = b, IPeICTABAAIONIEH TUCKPETHYIO 387189y, MPOU3BOINTCS HA TUTTOBOM
KOHEYHOM 2JIEMEHTE, a He Ha ODIIEeM KOHEYHOM 3JIEMEHTE.

st mocTpoenns TUCKPETHON 3aadu HyIeT UCITOJIB30BATHCS MePexXo] OT MPOU3BOJIBHOTO JIEMEHTA
T K TUIIOBOMY 3JI€MEHTY T. st 3Toro noHa 005 TCs CIe/IyIONNE COOTHOIIEHNS

oz 07{
[ sadedy = | 70 Fr(o.0) 19 0)] didg. vae J(a,5) = det | 3 37 ) = det
T T or oy
of %gfmrgfgz} o0& 99 aof . )
V@ =\ % J={ G5 % )= % & )| 9 ) =8V (ropr@).
dy 9z 9y T 97 dy dy Oy oy

rie A/ IOCAeAHEer0 PaBeHCTBa MCIOJIB30BaI0Ch cooTHomenue § = B 1 (& —dr).

SagaHnsg

Bagaume 5.1 (reopust). llocrponrs 6asucuble byHKINN 11 P)-3/1€eMeHTa Ha, THIOBOM TPEYTOJbHUKE
T ¢ sepummnamu (0,0), (1,0) u (0,1).

Bamanue 5.2 (reopus). [ocTponts Gasucubie ByHKIMH Juis Pl-5eMeHTa Ha TUIIOBOM TeTpasape T
¢ seprmmuamu (0,0,0), (1,0,0), (0,1,0) u (0,0,1).



Jlexmma 5, JIB MeTon komeunbix smemenTos, Jlasposa O.A. (MM® BI'Y), 2020

Banaume 5.3 (reopusi). [ocrponts Gazucuble hpyHKIMYM 71t Po-3/1eMeHTa HA TPEYTOJIBHUKE, T/IE

¥ = {p(a1),p(az),p(as), p(ai2), p(ai3), p(azs)},

a; — BEpIINHbI TPEYTOJIbHUKA, aij = (a; + a;j)/2 ms i # j. BasucHble GyHKIUN CTPOSTCS U3 yCIOBHIA
Li(a;) = 65, aj € {a1,a2,a3,a12,a13,a23}
¥ BBIPAXKAIOTCS depe3 OapuIleHTpUYecKre KOOPANHATHI TpeyroabHuKa. Hampumep,
Li(z,y) = A1(AM — 0.5)2 = A\ (2A1 — 1).
Banaume 5.4 (reopusi). [ocrpouts Gasucuble pyHKIUM A5t P3-3/1eMeHTa HA TPEYTOJIbHUKE, T/Ie

Y= {P(al),P(a2),P(a3)7p(allz),P(an:&),p(am),P(0223),P(a331)ap(a332),P(a123)},

a; — BEPINUHBI TPEYTOIbHUKA, G = (2a; + a;)/3 nns @ # j w a123 = (a1 + a2 + a3)/3. Bazucwbie
PYHKIME CTPOATCT U3 yCAOBHIL

Li(a;) = 0i5, a; € {a1,a2,as3,a112,a113, @221, 4223, 331, 4332, G123 }

¥ BBIPAXKAIOTCs depe3 OapuieHTpuIeckrne KOOPANHATHI Tpeyroaburka. Hampumep,

L1($,y) = g)\l()\l — é)()\l — g) = /\1(3)\1 — 1)(3)\1 — 2)/2.

Bagaume 5.5 (nmpakrtuka). [locrponts rpaduku 6asucHbix GyHKIWHA 1715 P3-3/1eMeHTa Ha THITOBOM
rpeyromsrnke 1T ¢ sepummamu (0,0), (1,0) u (0,1). Basucmbie dynkmun gas Ps-smementa cTpo-
arca B Saganum 5.4 4yepe3 GapUIEHTPUIECKNE KOOPAWMHATHI NPOM3BOJLHOIO TPEyTrOJbHUKa. Bapm-
TEHTPpUYECKNE KOOPAWMHATBHI TPEYTOJIbHUKA COBIIQJal0T C 6&3I/ICHBIMI/I beHKHI/IHMI/I JJIA P]_-S.HeMeHTa
Ni(z,y) = Li(z,y), i=1,3. Basucnrle pyuxuuu n1a Pj-sjieMenTa Ha THIOBOM TPeyroJbHUKe CTPO-

garcd B 3aganuu 5.1.

Bagaume 5.6 (npaktuka). I[locrpouts rpacdbuku 6a3ucHbIX QyHKIUH 11 P3-3/1eMeHTa HA TPOU3BO.Th-
noM TpeyroabauKe 1. Vcmomn3yiiTe pe3yabTaT MpeablayInero 3a aHns, & TakKe apuHHOe TPeobpaso-
Banue Fr(§) TUmoBoro TperoJibHUKa B MPOU3BOJILHBIN TPEYTOJIbHUK, CM. pasjien 5.2.2.
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