Jlexmma 2, /IB MeTon komeunbIx 31eMenToB, Jlasposa O.A. (MM® BI'Y), 2020

1 Bsgenenue

2 BapwnarnuonHas (popMyJIMpPOBKA JLINIITUYECKON KpaeBoii 3a/1a9u BTO-
POro IIOPAaKa
Bamnuinem JTUITHYECKYI0 KPAEBYIO 332Uy BTOPOTO TIOPSIIKA B 00IeM Bue s Audpepen inaib-

HOT'O OIIepaTopa B JUBEPTEHTHOI (dopMe, KOTOpas HeoOXOoAMMa I/ Mepexoaa OT KPaeBoil 3a1adn K ee
BapUAMOHHON POPMYTUPOBKE

Lu=f, Lu:=-— Z 0; (aij(x)0ju(z)) + c(z)u(z), ze€QCR" n>2. (1)
ij=1

B cuty siumnrudHocT KpaeBoit 3a4adi UMeeM, 4o cumMerpudeckas marpuna A(z) = (ai;(x)) umeer
HeHyJIeBble BellleCTBeHHbIe COOCTBEHHHbIE 3HAUEHU OJIMHAKOBOro 3HaKa. [loaraem, uro marpuna A(z)
SIBJISIETCST TIOJIOZKUTETBHO-OITPE/IeTEHHOM .

Heonmoponwas 3amaga JInpuxie misa oneparopa L 3amuchiBaeTcst B BUIE

Lu(z) = f(x), zeQ, (2)
u(z) = gp(z), x €. (3)

Ecsiu npaBas yacrs B ycsosuu Jupuxiie pasia Hysto, gp = 0, umeem ogHopouyo 3a1a4y dupuxie

Lu(z) = f(z), xe€q, (4)
u(z) = 0, xe€d. (5)

Bagaua Heiimana mjis oneparopa L uMeer ciieyrormit BuL

Lu(z) = f(z), =€, (6)
Z a;joju(x)n; = gn(z), x €. (7)
1,]

Ormernm, 4ro B cayuae oneparopa Jlamraca a;j(x) = §;; 1 TpaHUIHOE YCJIOBHE IPUHUMAET BH/|
> 0un; = gy wm Ou/On = gn.
HpI/IBe;LeM TaKZKe HpI/IMep KpaeBOfI 3aJa491 CO CMEIIaHHbIMMT FpaHI/IquIMI/I yCJIOBI/IHMI/I

Lu(z) = f(z), =€, (8)
u(z) = gp(z), z€Tlp, (9)
gn(z), z€lN, (10)

Z aijﬁju(x)ni =
1,J

rie 0 =Tp ULy, TpNTxN =0, measure(T'p) > 0.

Onpenenenne 2.1. Oyrknus u(r) HA3BIBAETCH KJIACCUYECKUM PEIIeHNeM 3aaHaoro nuddepen-
[IUAJLHOTO YPABHEHHUs] BTOPOrO MOPS/IKA C TPAHUYHBIMHU YCJIOBUSIMU, eCJiu (DYHKIIUS YIAOBJIETBODSIET
3aTAHHOMY YPABHEHWIO B KaXKJ0# TouKe obsactu & € ), yIOBIETBOPIET 33JaHHBIM TPAHUIHBIM YCIO-
BHSM W CIpaBe;yiuBo, B dactHocTH, uto u(r) € C%(Q) N C%(Q) nna xpaesoit 3amaun Jupuxie u
u(z) € C*(Q) N CHQ) ana kpaesoit 3aaun Heitmana.

IIpuBenem mpumMep 3ajaun, He UMEROIIEH KJIACCHIECKOTO PEITEHM .
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Ipumep 2.1. Paccmorpum ypasrenne [yaccona B o6mactn = (—1,1)"
—Au(x) = f(z), €
¢ omHOpOaHBIM yeaoBueM Jlupuxiie
u(z) =0 xz € IN.

[Tonaraem f(x) = sgn(0.5 — |z|). Ilpusenennas 3a7a9a He MMeEET KJACCHYIECKOTO DPEIIEHAS TaK Kak
Au(z) aBasiercs paspsiBHOil dynkuueit u yciosue u(x) € C2() He BbIIOIHACTCSL.

H1st mocTpoeHnst MeTo/Ia KOHETHBIX 3JIEMEHTOB HCIIOJIb3YETCsl BapUalnoHHasi (MHTerpajbHasi, Cia-
Bast) GopMyIUPOBKA MCXOMHON KPaeBoil 3a/a4u, MOITOMY METO]] KOHEYHBIX 3JIEMEHTOB OTHOCUTCA K
BapHUAITHOHHBIM YUCJIEHHBIM MeToaM. Ilepexo oT KpaeBoit 3a/1aun K BapUaIlHOHHON 3a/1aUe OCYIIeCTB-
JigeTcd ¢ mpuMeHeHueM (pOpMYyJTbl HHTETPUPOBAHUSA TI0 YACTSAM.

Teopema 2.1 (umTerpuposanme mo wactam). ITycmw obaacmo Q C R™ umeem C'-zpanuyy 09 u
erew1010 Hopmaas 0 : 0 — R™. Tozda dan dymwxyut u(z),v(x) € CH(Q,R) swnoansemcs

/&-uvdmz—/u@wdm—i—/ uvn;ds, (11)
Q Q 0N

/Vuvdm: —/ qudx—i—/ uvnds,
Q Q o0

2de dx = dxidzy ... dx, — 2nemenm n-meprozo obsema 6 obaacmu ), ds — anemenm (n — 1)-meprozo
obsema na 0S).

UAY 6 BEKIMOPHOM sude

[IpuMennm (OpMyTy HHTErPUPOBAHUSA 10 YACTSIM VI (-0 KOMIIOHEHTHI BEKTOPHOrO mossa w(x),
3aJIAHHOTO Ha 00sacTu ), B -OM HATPABICHUH U MTPOCYMMUPYeM TI0 ¢ = 1,...,n

/ V- wudr = —/ w - Vudz + W - nvds. (12)
Q Q o0
Yacruetit cayqaii coornommenns (12) mus recropoit dyukuum v(x) = 1
/ V- wdx = W - nds (13)
Q N

HA3BIBAETCsI TeopeMoil o muBeprennnn uin dpopmysoin Ocrporpaackoro (laycca-Ocrporpaickoro)
¥ 03HAYAET PABEHCTBO WHTErDaJia OT JUBEPTEHINH 0/ W 0 obactu () ero moToOKy depe3 TpaHuIly
obmactu OS).

TMonaras w = Vu B (12), mosyuaem nepsyto ¢popmyny I'puna

/Auvdmz —/ Vu-Vvd:L"—l—/ @Uds. (14)
Q Q o0 On

2.1 ITocTpoenue BapuarimoHHOli POPMYINPOBKHI

Ilepeuncium 1aru, HeoOXoAUMBIE JIJIs IEPEX0a OT KPAEBOil 337auu K COOTBETCTBYIOIIEN elf Bapu-
armoHHoi (HOPMYIUPOBKE.

1. OmpenenuTs TPOCTPAHCTBO TeCTOBBIX qyHKIm V Ha objgactu ) U YMHOXKHUTH UCXOJTHOE U]~
depennrabHOe ypaBHeHne Ha TecToByto dbyaKnuio v € V. Yacro omnpenesienne npocTpaHCTBA,
V' ocHoBBIBaeTCst HA TPEGOBAHUSAX TJIAKOCTH I KJIACCHIECKOro pemenus u(x) ncxoauoro aud-
dbepeHInaIbHOrO yPaBHEHNUS U JIOMOJHATEIBHO TI0J1araloT (GYHKIUA TPOCTPAHCTBA V' paBHBIMEU
HYJII0 HA YacTy rpanuisl objactu ¢ ycaosuem Jlupuxie, I'p.
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2. TlpownTerpupoBarh MOAyUYeHHOE ypaBHeHUe 1m0 00aacTu () U MPpUMEHUTH (HOPMYITy WHTETPUPO-
Banus 1o dactaM (11) K maasHo#t vactu muddepenimaibHoro ypastenusa. OCHOBHAsT ujest —
NOHWU3WUTH MOPSAI0K MPOM3BOAHON pemenus u(x) B rasHoil wactu auddepeHnnaiLHOr0 ypas-
HeHus. B WacTHOCTH, I/id SJIHITUYECKOrO YPAaBHEHUsT MOPSIOK ITPOU3BOIHON 1t (DYHKITUH U
TTOHMZKAETCS € JIBYX [0 €TUHUIIH.

3. YdecTh rpaHUYHBIE YCIOBUS 33/IaUi B MHTErpaJax 1o rpanute obmactu O0€).

2.1.1 Opgnopoanasi 3aga4va Jdupuxsie

OcymectBum nepexos 0T ogHopoanoit 3agaun Jupuxne (4)-(5) k Bapuanmonnoii 3agaue. Onpese-
JIUM TIpocTpaHcTBO V' TakuM o6pazoM, YToOBl OHO YIOBJIETBOPSIO TPeOOBAHUAM TJIAJKOCTH JJis KJIac-
cu4ecKoro pemenns u(x), TPU 3TOM HA rpaHule obaactu, rae 3a1aH0 yeiaosue upuxme, GpyHkmmun n3
TmpocTpancTBa V. TosaraeM paBHBIME HYJTIO

V={v:vel*Q)NC’Q),v=0mna N}

Ywmuoxkum ypasrenue (4) na recroyto dbyukiuioo v € V' (Illar 1), npounrerpupyem 1o obmactu §2 u
IPUMEHIM K IVIaBHOW dacTu JuddepeHnuaJbHOro ypapHeHus GopMyTy WHTErPHPOBAHUS 110 IaCTIM
(11) (Iar 2). Yurewm, a0 TecToBas (DYHKIMS paBHA Hy/I0 Ha rpaxure obractu (IIlar 3).

/ (Lu — f)vdx = / — Z 0; (aijOju) + cu — f | vdx = / Z a;j0judv + cuv — fu | de = 0.
Q Q

Q

i,j=1 B,j=1
Bammrem moIyueHHoe COOTHOIIEHNE B OMEPATOPHOM BUIE
a(u,v) =1l(v) YveV, (15)
rae a(u,v) — bunuaeiinas dopma
n
a(u,v) = /Q Z a;;0;ud;v + cuv | dz, (16)

ij=1

[(v) obozHauaer jmHeiHbIH GyHKIMOHAI

I(v) = /vadx. (17)

Vpasuenus (15) Ha3BIBAIOTCS BAPUANIMOHHBIMU ypaBHeHnsiMu. Bapuanuonnas 3amaua dhopmy-
JINPYETCH B CJAEIYIOIIEM BUJIE:
Haittu w € V rakyto, uro

a(u,v) =1l(v) YveW (18)
Hamomawmwm, ato dyukmmonat [ : V — R HasbBaeTcs JUHEHHBIM, €CIH
llou+ pv) = al(u) + Bl(v),
rae a, 8 € R, u,v € V. Oyukimonaa a : V x W — R naspiBaercsa OwimHeHoi (hopMoit, ecim
a(u, av + fw) = aa(u,v) + fa(u, w),
alau + fu,w) = aa(u, w) + Ba(v, w),

rae «, 8 € R, u, v, w u3 COOTBETCTBYIOMMX MPOCTPAHCTE.

Ecin npumennTs K BapuanuoHHbIM ypasHeHusM (15) mHTErpMpoBaHMe 1O 9ACTIM B OOPaTHYIO
CTOPOHY, TO MBI TIpUJEM K KpaeBoit 3amade (4)—(5) B cury npomsBosibHOCTH BBIOOpa GyHKIMH v € V.
Nmeem, uro just knaccuaeckoro pemenust u(z) dopmysnuposku (4)—(5) u (15)—(17) sxBuBaseHTHBI.
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Bameuanue 2.1. Knaccuueckoe pemenne u(z) ynosaersopsier quddepennnaaisHomy ypasaeanio (2) B
Kaxk10if Touke ob1acTu (2, TOrIa Kak pelneHre BApuallmoHHbIX ypasHenuii (15) yaosrersopsier nud de-
PEHIMATLHOMY YPABHEHWIO B MHTErpaabHOM cMmbicie. nddepennnanproe ypasuenne (2) BKIOUaeT
BTOpBIE TIPOU3BOIHBIE PEIIEHNUs U, TOT/Ia KaK BapHalnOHHbIe ypaBHeHus (15) comep:kaT TOIBKO TepBbIe
npoms3BoHbie. Kak cjiecTBre, IpOCTPAHCTBO V B BAPHUAINMOHHBIX YPABHEHUSIX MOXKET OBIThH OIpeie-
JIEHO TITHPE TPOCTPAHCTBA, B KOTOPOM OIPEJIEJIEHO KJlaccudeckoe pertenue. B wactaocTu, /s 3a1a4qu
Jupuxie moxno onpeents V = C1(Q) N C%(Q) smecro npocrpancrsa C2(Q) NCY(Q) knaccuuecko-
ro petrenust Jisi 3aaun Jdupuxiie. Bojee Toro, /s peleHusi BAPUAIMOHHBIX YPaBHEHU! JO0CTATOTHO
VMETb KyCOYHO-HEIIPEPLIBHYIO MPOU3BOAHYIO, T.€. 0CaabuTh TpeboBaHme MPUHAIJIEKHOCTH MPOCTPAH-
crey CH(Q). OrMerm, 4To Ipy oc1abIeHIy IJIaJKOCTH PElleHIs BapHAIMOHHO 33149l KTACCHIECKOe
pelleHre UCXOHON KPaeBol 3a/1a4u U COOTBETCTBYIOIIEE €My PEIlleHne BAPUALIMOHHON 331241 B 0011emM
cJydae He COBMa/Iaer.

2.1.2 HeoanopogHasa 3agada JIupuxie

Hna nepexoga or mHeoguopoauoH 3anaun Jupuxmie (2)—(3) k Bapuanuonnoi ¢hopMympoBKe 0OCy-
MIECTB/IAETCA TIPEIBAPUTEIbHAS 3aMEHa IIEPEMEHHBIX JIJIs CBEJEHUS HEOMHOPOIHOH 3aa4n npuxite K
osHOPOAHOM 3aade Tupuxie. A umenno, nonaraem w(z) = u(x) — ug(x) muist HeKOTOPOH QyHKIMN
uo(x), Koropast Ha rpanune obmactu cosnagaer ¢ dbyHKMel gp(r) U yAOBIETBOPSIET TPEOOBAHWSIM
DJIaJIKOCTH perenus u(z)

up € U = {u:u e C*Q)NC%Q),u = gp na 0Q}.
Torma, B cumy Toro, uro u(z) = w(x) + ug(zr), crpoum Kpaesyto 3aaaqy aaa GyHKIUM W (T)

Lw = f—Luy €
w = 0 x€o.

OcymecTBuM Tpeobpa3oBaHus M TOCTPOEHHON oaHOpOomHON 3amaun lupuxse, cm. pazzen 2.1.1. B
pe3yJIbTare MOoJyYaeM CJAEAYIONLYyI0 BAPUAIMOHHYIO 33/1a9y
Haiitn w € V = {u:u € C*(Q)NC%Q),u = 0 ma IQ} Takyo, 9ro

a(w,v) =1l(v) YveV, (19)

e

a(w,v) = / Z a;jO,wo;v + cwv | dz, (20)
o\

J=1
/fvda:—a g, V). (21)

Torna pemenne HeognopoaHoii 3agaun Jupuxite (2)—(3) moxuo npejcrasuts B Bujie u(z) = w(x) +
uo(x), rme u(x) € U.

2.1.3 3anaua Heiimana

ITpu mepexogme ot 3amaqau Heiimana (6)—(7) k BapuarmonHoit (bopMyIupoBKe HEOOXOINMO U3MEHUTh
BH/I TECTOBOTO MPOCTPAHCTEA,

V={v:vel*Q)nc(Q)}.

B srom ciydae naMeHnsieTcs pe3y/bTaT TpUMeHEHUs (DOPMYJIbl HHTEIPUPOBAHUSA 0 UACTAM

/ (Lu — f)vdz = / Z a;j0;udv + cuv — fu | dx —/ Z a;j0jun; | vds = 0.
Q Q

i,j=1 2\ ;=1
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B pesyabrare mMeem Criemyonyto Bapuannonayto hopMympoBky s 3agaan Heiivana (6)—(7)
Haittu uw € V' rakyro, uto
a(u,v) =1l(v) Yv eV, (22)

rae

a(u,v) = /Q Z a;j0jud;v + cuv | dx, (23)

ij=1
l(v) = /vadx + /69 gnvds. (24)

2.1.4 CwMmemanuasg 3agada

Mg cyaast emernanuoit kKpaesoit 3amaqau (8)—(10) Bapannonsas 3a1ada mpeacTaBigeT coboii 06b-
eIMHEHNE BapUANMOHHOM 3aauu Juts 3agaan Jupuxie n BaprannoHHON 3aaun 14 3aga9n HefimaHa.
TecTOBOE IPOCTPAHCTBO 3a1A€TCA B BUJIE

V={v:iveC*Q),v=0uaTp}

Beegiem sameny w(z) = u(z) — uo(z), rae up € U = {u :u € C*(Q),u = gp na I'p}, cm. pazgen 2.1.2.
Torga BapuanuoHHas 3a/a49a it (GYHKIUA W OPHHIMAET BUJ
Haitru w € V' rakyro, aro
a(w,v) =1l(v) Yv eV, (25)

rae

a(w,v) = / Z a;r0jwd;v + cwo | du, (26)
Q

ij=1

l(v) = /vadx — a(ugp,v) +/r gnvds. (27)

Pemmenne cmermanuoit kpaesoit 3agauu (8)—(10) moxuo npejcrasurs B Buje u(x) = w(z) + up(zx), vae

uo(z) € U.

2.2 SDKBHBAJEHTHOCTHh KPaeBoii 3aga4ymn, BAPUANNOHHON 3a0a4y 1 3a0a49Y MAHUMIU-
3a1nu

IlpuBenem pesynbTaT M3 BapHAIMOHHOIO HCYUCIEHHS 00 SKBHBAJIEHTHOCTH aOCTPAKTHOHN 3a1a49m
MUHUMHU3ANUN U COOTBETCTBYIOIIEH eif BApUaLUOHHON 3a/1a4u.

Teopema 2.2. Ilycmov V — aunetinoe npocmparcmeo u a @'V XV — R — cummempuyeckas nososcu-
meavhas ousunetinas gopma ul : V. — R — aunetinwd dynkuuonas. Keadpamuswnul Qyrryuonas
J(v)

1
J(v) = ia(v,v) —Il(v)
npunumaem 6 V. munumasvroe anavenue 6 mouke u, m.e. J(u) = min{J(v) : v € V}, mozada
U MOALKO Mo2da, K020a 6LINOAHAIOMCA GAPUGYUOHHVE YDASHEHUA OAfL HEU3SecmHol GyHKuuY u u

3a0aHHLLT PYHKUUT v
a(u,v) =1l(v) YveV.

Munumasvroe snavenue eQUHCMBEHHO.

Caenyroras TeopeMa yCTaHABIUBAET CBI3b MEXKIy OJHOpOAHOM 3amaqeii dupuxie (4)—(5) u 3ama-
dell MUHUMM3AIUY COOTBETCTBYIOIETO eif (DyHKIIMOHAIA.
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Teopema 2.3. Kaaccuueckoe pewenue 00nopoonot sadawu upuzae (4)-(5) asasemes pewenuem
3a0aMU MUHUMUS QUL

min{J(v) : veE€ V}, (28)

1O 1
J(v) = /Q B i;; a;j0;v0;v + 5002 — fv | dz, (29)
Vi={v:vel?(Q)NC’Q),v=0 na 0Q}. (30)

Cnpasedauso maxoice u obpamnoe ymeepoicdenue: Pewenue sadavwu munumusayuu (28)-(30) asasem-
CA KAacCudeckum pewenuem 3adawu (4)-(5).

Jloxasameavcmeo. (i) Tokaxewm, uro 3amaga Tupuxse (4)-(5) 9KBuBa/JeHTHA BapUAMOHHON 3a1a9e
(15)—(17). Coruacuo mpeobpazoBanusaM B pazzeie 2.1.1 nmeem, aTo ogHOpOAHAs 3ama4a Jupuxite (4)—
(5) moszBosier nepedOpMyIMPOBKY B BuJE BapuanuOHHbIX ypapueruil (15) nns Gumuneiinoit dpopmbr
(16) u muneitnoit dopmer (17). Ilpumenensas HopMyay UHTEIPUPOBAHUA MO YaCTAM K OUTHHEHHOM
dopme nmeeM 00paTHOE YTBEPIKIEHNE, UTO PEIleHre BAPUAIMOHHBIX YPABHEHUI SBJISETCS PeIeHueM
zagaun Jlupuxiie.

(ii) Ilokaxkewm, aTo 3azada MuanMu3annu (28)-(30) sKkBuBaIeHTHA BapraIlOHHOI 3a1aqe (15)—(17).
Cormacuo Teopeme 2.2 HEOOXOIUMO TIOKA3aTh, 9TO MPOCTPAHCTBO HEMPEPBIBHO- UG MEPEHITHPYEMBIX
dbyHKIMit ABIgETCS JTUHEHHBIM TPOCTPAHCTBOM, GunHelinas dhopma (16) sBIgETCS CHMMETPHYECKO
M TOJIOKUTENbHOM, a dyrkimonas (17) auHelHbIM.

e Jlia HenpepuIBHO audbepeHnupyeMblx PYHKINA CIpaBelineo, uTo Yu, v € V u «a, f € R umeem
au+PveV.

e CgoiicrBo cummerpuunoctu a(u,v) = a(v,u) u auseiinocrn dysximonana [(v) 1poOBEPSIOTCs
HEIOCPEACTBEHHON MOACTaHOBKOMA.

e CpoiicTeo nonoxureabnoctn a(u,u) > 0,Yu € Viu # 0 caemyer u3 3/TMNITHIHOCTH OIIEPATOpa
Luc>0.

B cuny cBoiicte pocTpancTBa V1 0TIepaTopoB @ u [, pellerue BAPUAIMOHHBIX yPABHEHWH MUHUMU-
supyer dyukrmonas (29). CormacHo Teopeme 2.2 CIpaBeIINBO TAKXKe M 0OGpaTHOE: U3 CYIIECTBOBAHMUSI
CANHCTBEHHOI'O PEIICHUA 3aJa91 MUHUMU3AITUU CJIeAYeT CYIIECTBOBaHNE €JUHCTBEHHOI'O PEIICHUA Ba-
puamuoHHo# 3ajadu. Teopema mokaszana. O

Teopema 2.3 ipejicTaBIgeT Pe3yJIbTAT JJIs CJayuasd ogHoponHo# 3ama4un dupuxie. Cueayrorias Teo-
pema cripaBejinBa juts 3as1a4n Helimana.

Teopema 2.4. Kaaccuueckoe pewenue sadawu Hetimana (6)-(7) asaaemes pewenvem 3a0auu munu-
MUSAUUY

min{J(v) : ve V}, (31)
J(v) = /Q ;”Zﬂ a;j0;v0;v + %cv2 — fv | dx — /6Q guds, (32)
Vi={v:veC*(Q)nciQ)}. (33)

Cnpasedauso maxoice u obpamnoe ymeepoicdenue: Pewenue 3adavwu munumusayuu (31)-(33) asanem-
cA Kaaccudeckum pewenuem 3adavwu Hetmana (6)-(7).

3ameuanue 2.2. IKBUBATCHTHOCTH KPACBOI 33144l U BAPUAIMOHHOM 3a/1a4un (3129 MUHUMU3AIINT)
OnpeenseTca CBoiicrBaMu onepaTopos a(u,v) u [(v), T.e. 3aBUCHT OT 3aJaHHLIX (MYHKIHHA 1 Ko3(hdn-
LMEHTOB MCXOAHOM 3a/auM, a Takxke reomerpun obsiacru ). Vccienosanue BOIpoca CyIIeCTBOBAHUS
pellleHns BapUAllMOHHBIX yPABHEHMI HAKJ/IAIbIBA€T OTpaHUYEHHs Ha MpOCTpaHcTBO (ymkumit V', cm.
Jleknuio 4.
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3agaHusa
Banmanue 2.1 (teopus). s 3amamnoro sexTopuoro moas w = (—y?, —2xy)7
Teopembl st guseprennnn (13) Ha obractu Q = (—1,1) x (—1,1).

IIPOBEPUTDH BBITIOJTHEHUE

Bagaume 2.2 (reopus). llocrpoiiTe BapualmoHHy0 3a4ady U 33a9y MUHUMU3AIINH, COOTBETCTBYIO-
mue Kpaepoit 3agaqe. IIpenpapurensio quddepenimanbabiil oneparop Heo0XomumMo cPOPMYIUPOBATH
B nuBeprenTHoit dopme, cm. (1)

BapwuanTsr:
1.
—u"+eu = f x€eQ=(0,1), >0
u = 0 xe€d.
2.
coszu’ —sinzu —zu = 1 z€Q= (0, %) ,
u'(0) = —u(0),
u(w/6) = 0.
3.
(22 + D —zv' = sin2mz re€Q=(0,1), >0

u = 0 z€dq.

Banaune 2.3 (reopus). 3a1a9a MUHUMUZANNU UMEET CJIEYIOMING BUJL

min{J(v) : ve V},

J(v) = /Q (a1(81U)2 + az(9)? + az(01v — Ov)? — 2fv) dz,

Vi={v:veC?*(Q)NC%Q),v=0mx 00},

e ai,ag, a3 > 0. Kakoit Bujg 6yner nmers KpaeBas 3aa4a’
Heobrodumo sanucams 6apuauuoHtvie YpasHerUus, COOTGEMCMEBYIOWUE 3a004¢ MUHUMUSAUUL, U
NPUMEHUMD POPMYAY UHMEDUPOSAHUA N0 wacmam (11) das neperoda % Kpaesoti 3adaue.

Sanaune 2.4 (reopusi). 3aaHa 332498 MUHUMU3AIUY

min{J(v) : ve V},

)= | b (5@ - fanta) ) do = Bo()

V :={v : v nenpepwiBHEA Ha [a,b],v’ KycouHo-HenpeprBHA Ha [a,b],v(a) = 0}.

Heobxomumo nocrpouTh SKBUBaJIEHTHYIO (PDOPMYJIMPOBKY B BH/I€ BAPUAIIMOHHBIX ypasHeHnuii. 1Ipu
KaKHX JIOTIOJTHUTENBHBIX YCIOBUIX MOXKHO IIeDeBeCTH BapHAlMOHHBbIe YPaBHEHHUS B KPaeBYIO 3aJiady
[T OOBIKHOBEHHOTO audbepennnanbioro ypasaenus! CpopMymupyiiTe KpaeByio 3a0ady.
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Banaume 2.5 (Teopusfupakruka). [Iponece pacipocTpanennst TerIa B IIACTUHE, COCTOAIEH U3 By X
CJI0EB PABHOI TOJIIUHEL ¢ KO3hdUITMEeHTaMU TEMIOTPOBOTHOCTH K1 U k2, COOTBETCTBEHHO, OTIMCHIBAETCS
CAEAYIOMNM YPABHEHUEM TeTIOMPOBOIHOCTH

V- (VT =0 (z,y) € Q = (0,0.5) x (—5,),

V- (k2VTR) =0 (2,9) € Qp = (0.5,1) x (—4,0),

rne 7Y = T (z,y), To = Ta(z,y). Ha rpanune pasaena aByX Cpejl BBITIOJHAETCA YCIOBUE TTEPEHOCA

[T] =0, [kgz;} =0 mpumx=0.5,

rae [-] obosHauaeT ckavoK (pyHKIUM IIpU MEPEXOJIe Yepes3 JUHUI0 pasjaena, T.e. 1] = Ty — 11, [k'?)%] =
kl% — kzg%. Heobxoanmo mafitu TeMmepaTypy ILIACTUHBI IPHU 3aJAHHON TeMmepaType Ha BOKOBBIX
CTEHKaX

71 =0 mpuzx =0,

To =Ty mpuzx =1,
IIpU OTCYTCTBUM TEILIOBOT'O TIOTOKA HA BEPXHEN M HUKHEN CTeHKax

oT
— =0 upmy==+d.
on
1. TlocTtpouTs BapualMOHHYIO 33189y U 3334y MUHUMU3AIUH, COOTBETCTBYIONLYIO0 NCXOIHON Kpae-
BOW 3aad4e.

2. Pemwmte moctpoennyio 3agady cpeactsamu GUI PDEToolbox, ucnonpsys pexxum (Application
Mode) Heat Transfer.

3. Hajitu TouHOe pelienne 3a/ a9 METO/IOM HEOIPE/ENEHHBIX KO3 DUIINEHTOB, IPU YCJAOBUH, 9TO
IMUPUHA W BBICOTA IJIACTHHBI HAMHOTO Gosblie ee Tomumnbl, T.e. T; = Ti(xz) B ;) i = 1,2.
Kycouno-nenpepbIiBHOE TOUHOE PeTeHne 3aa49u BO Beeil obactu {2 MOXKHO OMPeSeUuTh ¢ TOMO-
mbto bysKImr Xesucaiiaa 0(x)

Tezact(z) = Ti(x) (1 — 0(z — 0.5)) + Ta(x)0(x — 0.5),

rie
0, x<0,
6(‘7}) = %7 z =0,
1, x>0.

Oyuknua Xesucaliza peanunzosana B Matlab ¢ momornisio Bcrpoennoit dyukmnuu heaviside.

4. CpaBHUTH BU3yaJbHO TPUOIMKEHHOE KOHEYHO-3JIEMEHTHOE DPEIeHNE, TOCTPOEHHOE € MOMOIIHIO
GUI PDEToolbox, un HaiigerHoe TouHOE perneHne 1eqpqct.

BapuanTsr:

1. k1 =1,ky =10,T5 = 10,6 =1,
2. k1 =1,ky =100,T5 = 1,6 = 2,
3. k1 =1,ke =1000,7p = 10,6 = 5,

4. ki =1,k =10* Ty = 1,6 = 10,
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ki =1,ky=10°%T5 =10,6 =1,
ki=1ky=105Ty=1,0 =2,

ki=1,ky=10",Ty = 10,6 = 5,
ki =1,ky=105Ty)=1,8 = 10,
ki =1,ky=105Ty = 100,86 = 1,

ki =1,ky = 104, Ty = 100,68 = 2.
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