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1 Ââåäåíèå

2 Èíòåãðàëüíàÿ ôîðìóëèðîâêà ýëëèïòè÷åñêîé êðàåâîé çàäà÷è âòî-

ðîãî ïîðÿäêà

3 Ïðîñòðàíñòâà Ñîáîëåâà

3.1 Ïðîñòðàíñòâî Ëåáåãà

Âñå ðàññìàòðèâàåìûå ôóíêöèè è âåêòîðíûå ïðîñòðàíñòâà îïðåäåëåíû íàä ïîëåì äåéñòâèòåëü-
íûõ ÷èñåë. Ïóñòü Ω îòêðûòàÿ îáëàñòü â Rn ñ êóñî÷íî-ãëàäêîé ãðàíèöåé. Ïðîñòðàíñòâî Ëåáåãà
L2(Ω) � ýòî ïðîñòðàíñòâî êëàññîâ ýêâèâàëåíòíîñòè èçìåðèìûõ ôóíêöèé u(x) : Ω → R, êâàäðà-
òè÷íî ñóììèðóåìûõ íà Ω ïî Ëåáåãó

L2(Ω) = {u :

∫
Ω
u2dx < ∞}.

Ïðèâåäåì íåêîòîðûå ñâîéñòâà ôóíêöèé èç L2(Ω).

Ñâîéñòâî 3.1.1. Äëÿ ôóíêöèé èç L2(Ω) ìîæíî çàäàòü ñêàëÿðíîå ïðîèçâåäåíèå

(u, v)0 := (u, v)L2(Ω) =

∫
Ω
uvdx. (1)

Âåëè÷èíà

||u||0 :=
√

(u, u)0 =

(∫
Ω
u2dx

)1/2

(2)

íàçûâàåòñÿ íîðìîé u ∈ L2(Ω). Èíäåêñ íóëü óêàçûâàåò íà òî, ÷òî â îïðåäåëåíèè íîðìû íå èñïîëü-
çóþòñÿ ïðîèçâîäíûå ôóíêöèè. L2(Ω) � ýòî áåñêîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî, â êîòîðîì
îïðåäåëåíî ñêàëÿðíîå ïðîèçâåäåíèå è âûïîëíåíà àêñèîìà ïîëíîòû (ãèëüáåðòîâî ïðîñòðàíñòâî).

Ñâîéñòâî 3.1.2. Â L2(Ω) âûïîëíÿåòñÿ íåðàâåíñòâî Áóíÿêîâñêîãî (íåðàâåíñòâî Êîøè-Øâàðöà)

|(u, v)0| ≤ ||u||0||v||0

è íåðàâåíñòâî Ìèíêîâñêîãî
||u+ v||0 ≤ ||u||0 + ||v||0.

Îòìåòèì, ÷òî àíàëîãîì íåðàâåíñòâà Áóíÿêîâñêîãî äëÿ êîíå÷íûõ ñóìì íàçûâàåòñÿ íåðàâåí-
ñòâîì Êîøè. Íåðàâåíñòâî Áóíÿêîâñêîãî ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì íåðàâåíñòâà Ãåëüäåðà äëÿ
èíòåãðàëîâ

|(u, v)0| ≤ ||u||Lp ||v||Lq

äëÿ u ∈ Lp(Ω), v ∈ Lq(Ω), 1 ≤ p, q < ∞, 1/p + 1/q = 1. Íåðàâåíñòâî Ìèíêîâñêîãî â îáùåì
ñëó÷àå

||u+ v||Lp ≤ ||u||Lp + ||v||Lp

äëÿ u, v ∈ Lp(Ω), 1 ≤ p < ∞.

Ñâîéñòâî 3.1.3. Ôóíêöèÿ u ∈ L2(Ω) èìååò îáîáùåííóþ (ñëàáóþ) ïðîèçâîäíóþ ∂αu ïîðÿäêà
α = (α1, . . . , αn) â Ω, åñëè ∂αu ∈ L2(Ω) è âûïîëíÿåòñÿ ðàâåíñòâî

(∂αu, ϕ)0 = (−1)|α|(u, ∂αϕ)0 ∀ϕ ∈ C∞
0 (Ω). (3)
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Ïåðåìåííàÿ α = (α1, . . . , αn) îáîçíà÷àåò ìóëüòèèíäåêñ, ãäå αi íåîòðèöàòåëüíûå öåëûå ÷èñëà. Ïî-

ðÿäîê èíäåêñà |α| =
∑

αi, îïåðàòîð äèôôåðåíöèðîâàíèÿ ∂α = ∂α1
1 . . . ∂αn

n = ∂|α|

∂x
α1
1 ...∂xαn

n
. C∞(Ω) �

ïðîñòðàíñòâî íåïðåðûâíûõ áåñêîíå÷íî-äèôôåðåíöèðóåìûõ ôóíêöèé â îáëàñòè Ω. Ïðîñòðàíñòâî
C∞
0 (Ω) ÿâëÿåòñÿ ïîäïðîñòðàíñòâîì C∞(Ω), ôóíêöèè êîòîðîãî ïðèíèìàþò çíà÷åíèÿ, îòëè÷íûå

îò íóëÿ, òîëüêî íà êîìïàêòíîé ïîäîáëàñòè Ω (ôèíèòíûå ôóíêöèè).

Îáîáùåííàÿ ïðîèçâîäíàÿ ÿâëÿåòñÿ ðàñïðîñòðàíåíèåì ïîíÿòèÿ ïðîèçâîäíîé íà íåêîòîðûå
êëàññû íåäèôôåðåíöèðóåìûõ ôóíêöèé. Åñëè ôóíêöèÿ äèôôåðåíöèðóåìà â êëàññè÷åñêîì ñìûñ-
ëå, òîãäà ñóùåñòâóåò åå îáîáùåííàÿ ïðîèçâîäíàÿ è îáå ïðîèçâîäíûå ñîâïàäàþò.

Îïðåäåëåíèå ïðîèçâîäíîé â L2(Ω) ïåðåíîñèòñÿ è íà äèôôåðåíöèàëüíûå îïåðàòîðû. Íàïðè-
ìåð, äëÿ ôóíêöèè u ∈ L2(Ω)

n ñóùåñòâóåò îïåðàòîð äèâåðãåíöèè ∇ · u, åñëè ∇ · u ∈ L2(Ω) è
ñïðàâåäëèâî

(∇ · u, ϕ)0 = −(u,∇ · ϕ)0 ∀ϕ ∈ C∞
0 (Ω).

Ïðèìåð 3.1. Ïîêàæåì, ÷òî ôóíêöèÿ u(x) ∈ L2([0, 1])

u(x) =

{
2x, x ∈ [0, 0.5]
2− 2x, x ∈ (0.5, 1]

äèôôåðåíöèðóåìà â îáîáùåííîì ñìûñëå è ïîñòðîèì åå îáîáùåííóþ ïðîèçâîäíóþ. Äëÿ ýòîãî
íåîáõîäèìî ïîêàçàòü âûïîëíåíèå ðàâåíñòâà (3) ïðè α = (1). Âîçüìåì ïðîèçâîëüíóþ ôóíêöèþ
ϕ ∈ C∞

0 ([0, 1]). Ñ ïîìîùüþ ôîðìóëû èíòåãðèðîâàíèÿ ïî ÷àñòÿì ìîæíî ïîêàçàòü, ÷òî

(−1)1(∂1ϕ, u)0 = −
(∫ 0.5

0
ϕ′(x)2xdx+

∫ 1

0.5
ϕ′(x)(2− 2x)dx

)
= −

(
−
∫ 0.5

0
2ϕ(x)dx+ u(0.5) · ϕ(0.5)−

∫ 1

0.5
−2ϕ(x)dx− u(0.5) · ϕ(0.5)

)
=

∫ 0.5

0
2ϕ(x)dx+

∫ 1

0.5
−2ϕ(x)dx.

Èìååì, ÷òî ðàâåíñòâî (3) âûïîëíÿåòñÿ äëÿ ëþáîé ϕ ∈ C∞
0 ([0, 1]) è îáîáùåííàÿ ïðîèçâîäíàÿ ðàâíà

∂1u(x) =

{
2, x ∈ [0, 0.5]

−2, x ∈ (0.5, 1].

Îòìåòèì, ÷òî â òî÷êå x = 0.5 îáîáùåííàÿ ïðîèçâîäíàÿ ìîæåò áûòü îïðåäåëåíà ïðîèçâîëüíî.

Ïðèìåð 3.2. Ïîêàæåì, ÷òî ôóíêöèÿ u(x) ∈ L2([0, 1])

u(x) =

{
0, x ∈ [0, 0.5]
1, x ∈ (0.5, 1].

íå äèôôåðåíöèðóåìà â îáîáùåííîì ñìûñëå. Ïðîâåðèì âûïîëíåíèå ðàâåíñòâà (3) ïðè α = (1).
Âîçüìåì ïðîèçâîëüíóþ ôóíêöèþ ϕ ∈ C∞

0 ([0, 1]). Ñ ïîìîùüþ ôîðìóëû èíòåãðèðîâàíèÿ ïî ÷àñòÿì
èìååì, ÷òî

(−1)1(∂1ϕ(x), u)0 = −
(∫ 0.5

0
ϕ′(x) · 0dx+

∫ 1

0.5
ϕ′(x) · 1dx

)
= − (ϕ(1)− ϕ(0.5)) = ϕ(0.5) =

∫ 1

0
δ(x− 0.5)ϕ(x)dx.

δ-ôóíêöèÿ /∈ L2(Ω), ñëåäîâàòåëüíî çàäàííàÿ ôóíêöèÿ u íå èìååò îáîáùåííîé ïðîèçâîäíîé. Òàêèì
îáðàçîì ïîëó÷àåì, ÷òî â ðàìêàõ äèôôåðåöèðîâàíèÿ â îáîáùåííîì ñìûñëå, êóñî÷íî-äèôôåðåíöèðóåìóþ
ôóíêöèþ íå âñåãäà ìîæíî êóñî÷íî-äèôôåðåíöèðîâàòü.
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3.2 Ïðîñòðàíñòâà Ñîáîëåâà

Îïðåäåëåíèå 3.1. Ïðîñòðàíñòâî ÑîáîëåâàHm(Ω), ãäåm ∈ I+ � ýòî ìíîæåñòâî ôóíêöèé u ∈
L2(Ω), äëÿ êîòîðûõ ñóùåñòâóþò îáîáùåííûå ïðîèçâîäíûå ∂αu ïðè |α| ≤ m (α � ìóëüòèèíäåêñ)

Hm(Ω) = {u ∈ L2(Ω) : ∂αu ∈ L2(Ω), |α| ≤ m}.

Ïðîñòðàíñòâî Ñîáîëåâà îïðåäåëåíî è âïåðâûå ïðèìåíåíî â òåîðèè êðàåâûõ çàäà÷ ìàòåìàòè-
÷åñêîé ôèçèêè. Îòìåòèì íåêîòîðûå ñâîéñòâà ïðîñòðàíñòâ Ñîáîëåâà.

Ñâîéñòâî 3.2.1. Ìîæíî çàäàòü ôóíêöèþ ñêàëÿðíîãî ïðîèçâåäåíèÿ, îïðåäåëåííóþ íà Hm(Ω)×
Hm(Ω),

(u, v)m :=
∑

|α|≤m

(∂αu, ∂αv)0,

îïðåäåëèòü íîðìó

||u||m :=
√

(u, u)m =

√ ∑
|α|≤m

||∂αu||20

è ïîëóíîðìó

|u|m :=

√ ∑
|α|=m

||∂αu||20.

Ïðîñòðàíñòâî Hm(Ω) ÿâëÿåòñÿ ãèëüáåðòîâûì ïðîñòðàíñòâîì (ïîëíîå âåêòîðíîå ïðîñòðàíñòâî ñî
ñêàëÿðíûì ïðîèçâåäåíèåì).

Îñîáûé èíòåðåñ ïðåäñòàâëÿþò ïðîñòðàíñòâà H1(Ω) è H2(Ω). Äëÿ ýòèõ ïðîñòðàíñòâ èìååì

(u, v)1 =
∑
|α|≤1

(∂αu, ∂αv)0 = (u, v)0 +
∑
|α|=1

(∂αu, ∂αv)0 =

∫
Ω
uvdx+

∫
Ω
∇u · ∇vdx.

(u, v)2 =
∑
|α|≤2

(∂αu, ∂αv)0 = (u, v)1 +
∑
|α|=2

(∂αu, ∂αv)0.

Ïðèìåð 3.3. Âû÷èñëèòü íîðìó äëÿ ôóíêöèè u(x) = sinx â ïðîñòðàíñòâàõ Hm([0, 2π]).

||u||0 =

√∫ 2π

0
sin2 (x)dx =

√∫ 2π

0

1

2
(1− cos (2x)) dx =

√
π.

||u||1 =

√∫ 2π

0
sin2 (x) + cos2 (x)dx =

√
2π.

||u||m =
√

(m+ 1)π.

Ïîñëåäíåå ðàâåíñòâî ïîëó÷åíî ìåòîäîì èíäóêöèè.

Ñâîéñòâî 3.2.2. Ïðîñòðàíñòâî L2(Ω) ñ íîðìîé (2) ÿâëÿåòñÿ ïðîñòðàíñòâîì Ñîáîëåâà H0(Ω).

Ñâîéñòâî 3.2.3. L2(Ω) = H0(Ω) ⊃ H1(Ω) ⊃ H2(Ω) ⊃ · · ·
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Ñâîéñòâî 3.2.4. Íåðàâåíñòâî Áóíÿêîâñêîãî ñïðàâåäëèâî òàêæå äëÿ || · ||m-íîðìû

|(u, v)m| =

∣∣∣∣∣∣
∑

|α|≤m

(∂αu, ∂αv)0

∣∣∣∣∣∣
≤

∑
|α|≤m

|(∂αu, ∂αv)0|
í-âî Áóíÿêîâñêîãî→

≤
∑

|α|≤m

||∂αu||0||∂αv||0
í-âî Êîøè→

≤
√ ∑

|α|≤m

||∂αu||20
√ ∑

|α|≤m

||∂αv||20

= ||u||m||v||m.

Ñâîéñòâî 3.2.5. Äðóãîå îïðåäåëåíèå ïðîñòðàíñòâà Ñîáîëåâà:
Hm(Ω) � ýòî çàìûêàíèå C∞(Ω) ïî íîðìå || · ||m;
Hm

0 (Ω) � ýòî çàìûêàíèå C∞
0 (Ω) ïî íîðìå || · ||m.

Ïðîñòðàíñòâî Hm
0 (Ω) ñîñòîèò èç ôóíêöèé Hm(Ω), ÷üè ïðîèçâîäíûå äî ïîðÿäêà |α| ≤ m − 1

ðàâíû íóëþ íà ãðàíèöå îáëàñòè. Ïðîñòðàíñòâî Hm
0 (Ω) èãðàåò âàæíóþ ðîëü ïðè ðåøåíèè ýëëèï-

òè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ óñëîâèÿìè Äèðèõëå íà ãðàíèöå.

Ñâîéñòâî 3.2.6. Ïîëóíîðìà | · |m è íîðìà || · ||m ýêâèâàëåíòíû â Hm
0 (Ω), òî åñòü âûðàæàþòñÿ

îäíà ÷åðåç äðóãóþ ñ òî÷íîñòüþ äî óìíîæåíèÿ íà êîíñòàíòó. Ýòîò ðåçóëüòàò ôîðìóëèðóåòñÿ â
âèäå òåîðåìû.

Òåîðåìà 3.1. ∀v ∈ Hm
0 (Ω) ñïðàâåäëèâî, ÷òî

|v|m ≤ ||v||m ≤ (1 + s)m|v|m,

ãäå Ω îãðàíè÷åííîå ìíîæåñòâî, êîòîðîå ñîäåðæèòñÿ â êóáå ñ äëèíîé ðåáðà s.

Òåîðåìà ïðåäñòàâëÿåò ñîáîé ðåçóëüòàò îáîáùåíèÿ íåðàâåíñòâà Ôðèäðèõñà (íåðàâåíñòâî
Ïóàíêàðå-Ôðèäðèõñà)

∀v ∈ H1
0 (Ω) ||v||0 ≤ c(Ω)|v|1

äëÿ îãðàíè÷åííîé îáëàñòè Ω ⊂ Rn. Â ÷àñòíîñòè, êîãäà îáëàñòü Ω ÿâëÿåòñÿ n-ìåðíûì êóáîì c
äëèíîé ðåáðà s, c(Ω) = s.

Ñâîéñòâî 3.2.7. Ïðèâåäåì ïðèìåðû íåîãðàíè÷åííûõ ôóíêöèé â H1(Ω):

• â îäíîìåðíîì ñëó÷àå H1(Ω) ⊂ C(Ω), ñëåäîâàòåëüíî íåîãðàíè÷åííûõ ôóíêöèé â H1(Ω) íå
ñóùåñòâóåò;

• â äâóìåðíîì ñëó÷àå u = ln ln 2
r , ãäå r =

√
x2 + y2;

• â ñëó÷àå n ≥ 3 u = r−α ïðè α ≤ (n − 2)/2. Ñ óâåëè÷åíèåì ðàçìåðíîñòè ñèíãóëÿðíîñòü
ôóíêöèé, ïîïàäàþùèõ â H1(Ω), óâåëè÷èâàåòñÿ.

Çàäàíèÿ

Çàäàíèå 3.1 (òåîðèÿ). Ïîêàçàòü, ÷òî ôóíêöèÿ u(x) äèôôåðåíöèðóåìà â îáîáùåííîì ñìûñëå è
ïîñòðîèòü åå îáîáùåííóþ ïðîèçâîäíóþ.

Âàðèàíòû:
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1. u(x) = |x|, x ∈ [−1, 1];

2. u(x) = |x| exp (ax), x ∈ [−1, 1];

3. u(x) = x| arctanx− 1|, x ∈ [−1, 1];

4. u(x) = sin (|x|), x ∈ [−1, 1];

5. u(x) = sin (x)/|x|, x ∈ [−1, 1];

6. u(x) = |x+ 2|, x ∈ [−3, 1];

7.

u(x) =

{
2x2, x ∈ [0, 1]
3x2 − 2x+ 1, x ∈ (1, 3]

8.

u(x) =

{
2x/π, x ∈ [0, π/2]
sinx, x ∈ (π/2, π]

9.

u(x) =

{
sinx, x ≤ 0
exp (3x)− 1, x > 0

Çàäàíèå 3.2 (òåîðèÿ). Âû÷èñëèòå ñëåäóþùèå íîðìû ||∂2u||0, ||∂1u||1, ||u||2 äëÿ ôóíêöèè èç Çà-
äàíèÿ 3.1. Äëÿ Âàðèàíòîâ 1 è 6 íåîáõîäèìî ïîêàçàòü, ÷òî âòîðàÿ ïðîèçâîäíàÿ íå ñóùåñòâóåò â
îáîáùåííîì ñìûñëå.

Çàäàíèå 3.3 (òåîðèÿ). Ïîêàçàòü, ÷òî ôóíêöèÿ u(x) = 1 /∈ H1
0 (Ω), ãäå Ω îãðàíè÷åííîå ìíîæåñòâî.

Âîñïîëüçóéòåñü íåðàâåíñòâîì Ïóàíêàðå-Ôðèäðèõñà.

Çàäàíèå 3.4 (ïðàêòèêà). Çàäà÷à î ðàññåÿíèè âîëíû â êàíàëå.
Â êàíàë âõîäèò ïëîñêàÿ âîëíà ñ äëèíîé âîëíû λ = 0.2 è â ñèëó îòðàæåíèÿ îò ñòåíîê ðàññåèâà-

åòñÿ. Ãåîìåòðèÿ êàíàëà ïðåäñòàâëåíà íà Ðèñ. 1. Âõîä êàíàëà ðàñïîëîæåí ñëåâà, âûõîä � ñâåðõó.
Íåîáõîäèìî ïîñòðîèòü ðàñïðåäåëåíèå âîëíû íà âûõîäå èç êàíàëà äëÿ ðàçëè÷íûõ ãåîìåòðèé ñòå-
íîê êàíàëà, ñì. Ðèñ. 2�4, è îöåíèòü âëèÿíèå ãåîìåòðèè êàíàëà íà ðåøåíèå.

Ìàòåìàòè÷åñêàÿ ìîäåëü. Ðàñïðîñòðàíåíèå âîëíû â îäíîðîäíîé ñðåäå îïèñûâàåòñÿ âîëíî-
âûì óðàâíåíèåì

∂2u

∂t2
− c2∆u = 0,

ãäå c � ñêîðîñòü ðàñïðîñòðàíåíèÿ âîëíû. Ïîëàãàåì, ÷òî âîëíà ÿâëÿåòñÿ ãàðìîíè÷åñêîé, òî åñòü
ôóíêöèÿ u(x, y, t) äîïóñêàåò ðàçäåëåíèå ïåðåìåííûõ

u(x, y, t) = e2πiftU(x, y),

ãäå f � ÷àñòîòà âîëíû. Â ýòîì ñëó÷àå âîëíîâîå óðàâíåíèå ñâîäèòñÿ ê óðàâíåíèþ Ãåëüìãîëüöà

−k2U −∆U = 0,

ãäå k = 2πf
c = 2π

λ � âîëíîâîå ÷èñëî, λ� äëèíà âîëíû. Íà âõîäå è âûõîäå èç êàíàëà ôîðìóëèðóåòñÿ
óñëîâèå èçëó÷åíèÿ Çîììåðôåëüäà � âñÿ èçëó÷àåìàÿ ýíåðãèÿ äîëæíà óõîäèòü áåç ïîòåðü. Äëÿ
ìîíîõðîìàòè÷åñêîé âîëíû èìååì óñëîâèå íà âûõîäå

kiU +
∂U

∂n
= 0
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Ðèñ. 1: Ãåîìåòðèÿ êàíàëà.
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Ðèñ. 2: Êàíàë 1.
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Ðèñ. 3: Êàíàë 2.
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Ðèñ. 4: Êàíàë 3.

è óñëîâèå íà âõîäå

ki(e−ikx + U) +
∂(e−ikx + U)

∂n
= 0

Ïîñëåäíåå óñëîâèå äëÿ ðàññìàòðèâàåìîé ãåîìåòðèè êàíàëà ïðåîáðàçóåòñÿ ê âèäó

ki(2 + U) +
∂U

∂n
= 0.

Íà ñòåíêàõ êàíàëà âîëíà íå ïåðåìåùàåòñÿ, òî åñòü U(x, y) = 0.
Êîììåíòàðèè ïî ðåàëèçàöèè â Matlab.

1. Ñ ïîìîùüþ GUI PDEToolbox îïèøèòå îáëàñòü è ãðàíè÷íûå óñëîâèÿ. Ýêñïîðòèðóéòå â
Workspace ìàòðèöû g è b, îïèñûâàþùèå îáëàñòü çàäà÷è è ãðàíè÷íûå óñëîâèÿ (ìåíþ Boundary).

2. Ïîñòðîéòå ñåòêó â ðàñ÷åòíîé îáëàñòè òàêèì îáðàçîì, ÷òîáû íà äëèíó âîëíû ïðèõîäèëîñü
8�10 óçëîâ ñåòêè. Íàïðèìåð,

initmesh(g, 'Hmax', 0.2);

for i = 1 : 3

refinemesh(...);

end
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Ðèñ. 5: Ðàñïðåäåëåíèå âîëíû íà âõîäå è âûõîäå êàíàëà.

Ïîñòðîéòå ÷èñëåííîå ðåøåíèå, íàïðèìåð, ñ ïîìîùüþ ôóíêöèè assempde è èçîáðàçèòå |U(x, y)|.

3. Ïîñòðîéòå ãðàôèê ðàñïðåäåëåíèÿ âîëíû íà âõîäå p(1, :) == 0 è âûõîäå p(2, :) == 0.8, ñì.
Ðèñ. 5.

4. Ðàññìîòðèòå òðè âèäà êàíàëà, ñì. Ðèñ. 2�4, è ñðàâíèòå ãðàôè÷åñêè ðàñïðåäåëåíèå âîëíû
íà âûõîäå, ñì. Ðèñ. 6. Îöåíèòå ïî ïîñòðîåííûì ãðàôèêàì âëèÿíèå ãåîìåòðèè êàíàëà íà
âûõîäÿùóþ âîëíó.

5. Ïîñòðîéòå àíèìàöèþ ðàñïðîñòðàíåíèÿ âîëíû u(x, y, t) = e2πiftU(x, y) äëÿ îäíîé èç ôîðì
êàíàëà. Äëÿ ðåàëèçàöèè âîñïîëüçóéòåñü ïðèìåðîì èç ñïðàâî÷íîé ñèñòåìû (Matlab R2015a)
(Help/PDE Toolbox Examples/Helmholtz's Equation on a Unit Disk with a Square Hole).
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Ðèñ. 6: Ðàñïðåäåëåíèå âîëíû íà âûõîäå äëÿ òðåõ êàíàëîâ.

Ñïèñîê ëèòåðàòóðû

[1] Âëàäèìèðîâ, Â.Ñ. (1981): Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. M.: Íàóêà.

[2] Îãàíåñÿí, Ë.À., Ðóõîâåö Ë.À. (1979): Âàðèàöèîííî-ðàçíîñòíûå ìåòîäû ðåøåíèÿ ýëëèïòè÷å-
ñêèõ óðàâíåíèé. Åðåâàí: Èçä-âî ÀÍ ÀðìÑÑÐ.

[3] Òèõîíîâ, À.Í., Ñàìàðñêèé À.À. (1977): Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. M.: Íàóêà.

[4] Øàéäóðîâ, Â.Â. (1989): Ìíîãîñåòî÷íûå ìåòîäû êîíå÷íûõ ýëåìåíòîâ. Ì.: Íàóêà.

[5] Braess, D. (2003): Finite Elemente - Theorie, schnelle L�oser und Anwendungen in der
Elastizit�atstheorie. 3. Au�age. Berlin, Springer.

[6] Brenner, S.C. and Scott, L.R. (1994,2008): The Mathematical Theory of Finite Element Methods.
Berlin, Springer.

[7] Ciarlet, P.G. (1978): The �nite element method for elliptic problems. North Holland.

[8] Gekeler, E.W. (2006): Mathematische Methoden zur Mechanik. Ein Handbuch mit MATLAB-
Experimenten. Berlin, Springer.

[9] G�oring, H., Roos, H.-C. and Tobiska, L. (2010): Finite-Elemente-Methode f�ur Anf�anger. 4. Au�age.
Berlin, Wiley-VCH.

[10] Logg, A., Mardal K.-A. and Wells, G. N. (2012): Automated solution of partial di�erential
equations by the �nite element method. Berlin, Springer.

[11] Langtangen, H.P., Logg, A. (2016): Solving PDEs in Python � The FEniCS Tutorial Volume I.
Berlin, Springer.

8



Ëåêöèÿ 3, ÄÂ Ìåòîä êîíå÷íûõ ýëåìåíòîâ, Ëàâðîâà Î.À. (ÌÌÔ ÁÃÓ), 2019

[12] Verf�urth, V. (1996): A review of a posteriori error estimation and adaptive mesh-re�nement
techniques. Stuttgart, Wiley-Teubner.

9


