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[TocTanoBka meJIm

Hesb: IIpoectn anains 3ppEeKTUBHOCTH BLIYUCIEHNS OIEPAIMI CJIOXKEHUS TOUYEK
SJINIITUYECKON KPUBOIl IIPU MTOMOIIY MPOEKTUBHBIX KOOPJAUHAT, KoopanHat Skobwu,
00001IeHHBIX KOOpAUHAT SKOOM.

Bagaun:

@ V3yunTh MOHSATHE SJIUNTUIECKON KPUBOH, IIpaBU/Ia CJI0XKEHUsT TOUYEK Ha
TN TUYECKON KPUBOIA.

o IIpoBecTu BBIBO/L (DOPMYJI CIOKEHUST TOUEK IJIIUNTUICCKON KPUBOI B KOHEUIHOM IT10JI€
OpSIKa P, P — IpocToe, p>3, B adPUHHBIX KOOPANHATAX, B IIPOEKTUBHBIX
KOOpIMHATAX, KOOpAnHaTax fIKo0Om, 0000IEeHHBIX KOOpAnHATaxX SIKOOM.

o PeammzoBath B Python anropuTmbl ciokeHus: ToO4YEK S/IUINTHIECCKON KPUBOH B
paccMaTpUBAEMbIX CUCTEMAaX KOODUHAT.

o IIpoBecTn Teopermyeckuit anaan3 3pOEKTUBHOCTH U3y IaeMbIX aJITOPUTMOB.

o IIpoBecTn mpakTudeckuit anaans3 3pHEKTUBHOCTH U3YIaEMbIX AJTOPUTMOB.

20 mrons 2023 r. 2/9



ObJtacTh ucce10BaHnsd

DumunTuaeckoit KpuBoit Ha g mojiem K B aduHHOM cucTeMe KOOPIUHAT HA3BIBAETCS
MHOYKECTBO To4eK (z,y) € K2, yI0BIeTBOPSIONNX yPaBHEHHIO:

y? =23+ azx +b,

rne a,b € K.

ot
MR N M

P+Q=Q’'
P+Q=R' 2QQ=P(’2 P+Q=0 2P=0

Puc. 1: Cioxenne TOUEK SITUITUIECKON KPUBOM M€OMETPUIECKH.
1,3 - cioxkeHne pa3yIMIHBIX TOYEK, 2,4 - yABOEHNE TOUKU.
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Cucrembl KoOoOpauHaT

BpeMH BBITIOJIHEHUA OIlepallii CJIO2KCHHA B Pa3JIMYHBIX CUCTEMaX KOOPpJAMHAT

Adpdunnrie xooprmuHaATH:--- 20.042898654937744 seconds ---
[l[poekTuBHLE KoOpauHAaATH:--- 10.82426643371582 seconds ---
Kooprmuuats fAxobu:--- 9.010782241821289 seconds ---

06o06menHble KOOPIUHATH fKobm:--- 8.495838403701782 seconds ---

20 urons 2023 r.

4/9



BeiBoj, hopmyin. AdbdunHbIE U TPOEKTUBHBIE KOOPINHATHI

Cymma Touek P = (21,y1) u Q = (z2,y2) B adduHHBIX KOOpAUHATAX:

2 3
Y2 — Y1 Y2 — Y1 2 — U1
(() — Tl — X2, — <> +$27y U yl)
To — X1 T2 — X1 T2 — X1

B npoekTuBHbIX KoopiauHatax cymma P = (X1,Y1,7Z1) u Q = (Xo, Ya, Z3) umeer Bug,

( w w(v?X1Zy —w) — v3Y1 25
’1)221Z27 U3Z122

71)

YrobbI n36ekaTh JAeIeHNsI, BRIOEPEM JIPYTOro MpeCcTaBUTe T JTaHHOW TPOEKTUBHOM TOUKM:
(vw, u(112v2 —w) — v3us, UngZQ),
e u = YoZ1 — Y12y, vo=X1Zy, v=XoZi—vy, w=u’Z1Zy—v>—20%.
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Peanuzammsa

kJjacc Touka

(Point, ProjectivePoint, JacobianPoint,

ChudnovskyJacobianPoint)

Curoxenne (omeparop +)
Ymuoxenue (*)
Boranranue (-)
Cpasuenue (==)

[TepeBom Mexkay cucTeMaMu KOOPIUHAT

kyacce KpuBas
(Curve, ProjectiveCurve, JacobianCurve,
ChudnovskyJacobianCurve)

(]

ITonck Bcex TOUEK KPUBOIA

(]

lemepamusa ciaydaiitHoit TOUKH KPpUBOit

[IprHaAI€XKHOCTD TOYKN KPUBOM

Cpasuenune (==)
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Teopernuecknii anams

I - omeparust BEIMUCIEHUST OOPATHOTO 3j1eMeHTa, M - yMHOYKeHUe Pa3/IndHBIX duces, S -

BO3BeJeHUE YUC/Ia B KBaJApaT.

KonuaecTBo apudmeTndeckux omneparumit
Cucrema KOOpIUHAT VnBoenne Toukn | CroyKeHne pasjMIHbIX TOYEK
Addunnble KOOPIUHATEI I+2M + 25 I+2M+ S
IIpoexTuBHBIE KOODIMHATEI 12M + 58 21M + 28
Koopmunarsr Akobu 10M + 78 18M + 48
O60611eHHbIE KOOPAUHATHI SIKOOM OM +6S 16 M + 38

Tabmuna 1: KoanyectBo apudmerndaecknx omeparinii, BHITOJTHIEMBIX aJTOPUTMAMY CJIOKEHUS U
YJBOEHHUS B PA3JIMYHBIX CUCTeMaX KOODIUHAT
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[IpakTmyeckuit anan3

Tecrnl npoBoaMINChH Ha dJumunTudeckoii kpusoit SECP256k1, koropast paccMaTpuBaeTcst
HaJI, TI0JIeM Topsika p = 2296 — 232 99 _ 98 _oT _ 96 _od _ 7,

AddunrHbHIE KOOPIOWMHATH:----------- 3.729386806488037 seconds ----
[lpoekTuBHEE KOOPOMHATH:-------- 1.835113763809204 seconds ----
KooprmuraTh fK0ob6M:---------————- 1.5577855110168457 seconds ---
06o6menne KoOpmuHATH fKob6m:--- 1.3425955772399902 seconds ---

MoxkHO yTBEpKIaTh, UTO Mepexo 0T ahdOUHHON CHCTEMbI KOOPJAUMHAT K ITPOEKTUBHBIM
KOOpJuHaTaM, KoopauHaTaMm fkobu u 006001meHHbIM KoopauHaTaM flkobu 1eecoobpaseH,
Belb B .HIO6OI71 U3 JaHHBIX CUCTEM KOOpAHMHAT CJIOXKE€HNE BBIIIOJIHAETCA 3HaAYUTE/IbHO
OnICTpEE.
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Pesynbrarsr

B xone paborsr:

Ommcan nmpeaMeT MCCIeIOBAHNS, JTUITHYIECKYIO KPUBYIO, 8 TaKKe MPOTIECC
CJIO2KEHUA TOYEK Ha JIUIITUIECKON KPUBOH C M€OMETPUYECCKON TOUYKMU 3PEHUA.

[IpoBemen moapOOHBIA BRIBOI (DOPMYJI CJIOXKEHUS U YABOECHUS TOYEK SJIIUITHIECKON
KpuBoil B adpUHHBIX KOOPAUHATAX, IPOEKTUBHBIX KOOPJAMHATAX, KOOpAuHATax SIKobu,
0DODIIEHHBIX KOOpAUHATAX SAKOOM.

Peanusosannr AJITOPUTMBI CJIOZKeHUA TOYCK SJIJIAITUIECKON KpI/IBOfI B KOHEYHOM IIOJIE
B paCCMaTpUBaEMBbIX CUCTEMaX KOOPJAMHAT Ha A3bIKE PythOIl

[IpoBesien Teopermdeckuii anaan3 3hOEKTUBHOCTH U3YIAEMbIX AJTOPUTMOB.

[IpoBesien mpakTudeckuii anaan3 3OMOEKTUBHOCTH U3y YAEMbIX aJTOPUTMOB.
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