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Consider the system
u=—-v+pluv), v=u+q(uv), (1)

where p and g are convergent series without free and linear terms. It has
a center at the origin (all trajectories are ovals) iff it is locally analytically
equivalent to a system of the form

x=ix(1+g(xy)), yv=—iv(1+g(xy)), (2)

where, i = -1, x=u+iv and y = X.
= xy is a first integral of (2)
= u? + v? + h.o.t. is a first integral of (1)

Theorem (Poincaré-Lyapunov)

System (1) has a center at the origin iff it admits a first integral of the
form u? + v + h.o.t.

We discuss a generalization of the center problem (the Poincaré
integrability problem) to n-dim systems.
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x = Ax + f(x), (3)
Als n x n matrix, x = (x1,...,x,)7, f(x) = (A(x),...,f(x))7, and f;
are series starting with at least quadratic terms.

Let A = (A1,...,A,) be the n—tuple of eigenvalues of A. Set
Z, =NUO. For a = (v1,..., ) € Z' denote

<)\,Oé> = ZO&,’)\,‘
i=1
and |a| = a3 + -+ + ap. Let

%={aeZl| (\a)=0, || >0},

and denote by ry the rank of vectors in the set fR.
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A substitution
x=®(y) =y +py), (4)

transforms (3) to its Poincaré—Dulac normal form, i.e. a system of the
form

y=Ay+g(y) (5)
where g(y) = (g1(y), ..., &(y))" contains only resonant terms, that is,
each monomial in g, k =1,...,n, is of the form g(®)y>e, with

<)\7 a> - )\k = 07

where e is the n—dimensional unit vector with its nth component equal
to 1 and the others all equal to zero. We call the transformation (4) a
normalization.

The normalization containing only nonresonant terms is unique. We call
this normalization a distinguished normalization and term the
corresponding Poincaré—Dulac normal form a distinguished normal form.
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Convergence of the normalizing transformation

Normalization (4) does not necessarily converge, so generally speaking
and g are formal power series.

Poincaré domain in C" is the set of all points (zi,. .., z,) such that the
convex hull of the set {z,...,z,} C C does not contain the origin. Then
if the vector (A1,..., \,) of eigenvalues of A in (3) lies in the Poincaré
domain then there exists a convergent normalizing transformation.

Theorem (C. L. Siegel)

Suppose there exist positive constants C > 0 and v > 0 such that for all
« € N such that |a| > 1 and for all k € {1,...,n} the inequality

i Oé,')\,' — )\k

i=1

> Clal™ (6)

holds. Then there exists a convergent transformation of (3) to normal
form.
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Theorem (V. A. Pliss)

Suppose that for system (3)
i) the nonzero elements among the ", aj\; — A satisfy condition (6
j=1"1"Y
(ii) some formal normal form of (3) is linear.

Then there exists a convergent transformation to normal form.

Bryuno conditions that together are sufficient for existence of a
convergent normalizing transformation:

1) Condition w: for w; = min(a, \) over all & € Nj for which (a, X) # 0
and |a| <2/, S22 Inw, < o0;
2) Condition A (simplified version): some normal form has the form

y = (1+g(y))Ay, (7)

that is, y; = \jy;(1+ g(y)) for some scalar function g(y).

Following to S. Walcher we say that (3) satisfies the Pliss-Bryuno
condition if it can be transformed to (7) by a normalizing transformation.

Valery Romanovski Integrability and reversibility in systems of ODEs



For simplicity we assume that A is in Jordan normal form and lower
triangular.

Definition

System (3) is (locally) analytically (or formally ) integrable if it has
n — 1 functionally independent analytic (or formal) first integrals in a
neighborhood of the origin.

N

Theorem (X. Zhang, Llibre-Pantazi-Walcher)

System (3) has n — 1 functionally independent analytic first integrals in a
neighborhood of the origin if and only if ry, = n— 1 and the distinguished
normal form of (3) satisfies the Pliss-Bruno condition.

v
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Example: Recursive Construction of a Formal First Integral

0= —v+ P(u,v, W):F’(u, v, w)
X: v= u+Quv,w)= Qu,v,w) AeR\ {0} (8)
W= —Aw+ R(u,v,w) = E(u, v, w)

P, @, and R are real analytic in a neighborhood of the origin.
We look for a function ®(u, v, w) with undetermined coefficients ¢jxe,

d(u, v, w) = v+ v + Z ¢jk€UijWev 9)
jk+e=3
such that 90 9 ~
Zp4 —R = 1
o Q 0. (10)

Obstacles for the fulfillment of (10) will give us the necessary conditions
for the existence of a first integral of the form

S(u,v,w) = > +v2 ... (11)

A computational procedure to find the first m — 1 conditions for
integrability is as follows.
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Write down the initial string of (9) up to order 2m,
Pom(u, v, w) = u? + v2 + fok+£:3 qﬁjkgujvkwe.

For each i = 3,...,2m + 1 equate coefficients of terms of order i in
the expression
3(132,7, ~ 3(132,7, = 8¢'2m ~ 2 272 2 2
P R— — e —gm_ m (12
ou + dv @+ ow gi(u+v7) gm-1(u"+v)" (12)

to zero obtaining 2m — 2 systems of linear variables in unknown
variables ¢jyy.
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Computing in this way one obtains a list of polynomials, g1, g, &3,... in
parameters of system (8). We call the polynomial g; the i-th focus

quantity (Lyapunov number). Each polynomial g; represents an obstacle
for existing of integral (9), that is, system (8) admits an integral (11) iff

g=gp=g=--=0.

The set of systems with a first integral of the form (11) is the set of
common zeros of an infinite system of polynomials

gr=g=g=--=0. (13)

Conditions (13) are the necessary conditions for existence of first integral
®(u,v,w) = u?+ v?+... in system (8).
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Two difficulties in computing the necessary conditions for integrability:

1) Polynomials g1, g2, &3, .. are not uniquely defined (depend on the
choice of resonant terms).

Let X' be the vector field associated to system (3).

Let )(x) be a series. We call the term 1(*)x® a resonant term if o € R
(@ \) = 0).

2) Solving even a finite system of polynomials
1= =8g="=8=0

can be an extremely laborious problem.
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Uncertain choice of g;

Theorem (VR, Y. Xia, X. Zhang, J. Differential Equations, 2014)

For system (3) the following statements hold.
(a) There exist series 1(x) with its resonant monomials arbitrary such
that

X((x)) =Y pax®, (14)

aER

where p,, are functions of the coefficients of (3).
(b) If the vector field (3) has n — 1 functionally independent analytic or
formal first integrals, then for any 1) satisfying (14), we have

Po =0, forall  «€fR. (15)

(¢) Assume that the rank of R is k, i.e. rn = k, and there are k
functionally independent (), ... (%) such that for the corresponding
coefficients in (14) hold p{) =0, foralla € R, i=1,... k. Then
the vector field X has exactly k functionally independent analytic or
formal first integrals.
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Definition

The variety of an ideal | generated by fi(x1,...,%n),-.., fi(x1,...,x,) of
the polynomial ring F[xy, .. ., x,] is the set of all points in F” where all
polynomials of / vanish. (The variety of / is denoted by V(/)).

W.l.o.g we can take 1/),(1') = 0 for resonant a. Then p, are polynomials.
Denote by B the ideal generated by the polynomials p,, for some choice
of n— 1 functionally independent functions (), ... ("1 satisfying
(14), i.e.

B={pP|aecR, i=1,...,n—1). (16)

By the equivalence of (b) and (c) with k = n — 1 the variety of B, V(B),
is the set of all points in the space of parameters of system (3), such that
the corresponding systems have n — 1 functionally independent integrals.
We call V(B) the integrability variety of system (3).
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To find the variety of B we can choose n — 1 linearly independent vectors
from R, let say a1,...,a,_1 € R. Then x* ... x% are functionally
independent (integrals of the system of the linear approximation) and we
look for n — 1 functions ¥s(x) = x*+ higher order terms satisfying

X)) = 3 pxe.

aER

In actual calculations we can find only a finite number of polynomials
p&s), so we compute few first polynomials pgf) which generate some ideal
B,. Then,

a) we find the irreducible decomposition of V(5,,) (solve the polynomial
system pff) =0),

b) using different methods we try to show that V(B) = V(B,,), that is,
all systems corresponding to points from V(B,,) have n — 1 functionally
independent analytic or formal first integrals.
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Solving polynomial systems

To make a progress it is crucial to have an efficient approach for solving
systems of polynomials of many variables:

............................ (17)
fm(x1,..., %) =0
Let us find the variety in C3 of the ideal | = (f1, f, 5, f4), where
fi =8x%y? + bxy® 4+ 3x3z + x%yz,
fo =x5 4+ 2y32% + 13y%2% + 5yz*,
2 Yy Y Y- (18)

fs =8x3 + 12y3 + xz2 + 3,

fr =7x°y* + 18xy>322 + 325
that is, the solution set of the system
=0, =0, =0, f,=0.Under the lexicographic ordering
with x > y > z a Grdbner basis for [ is G = {g1, 8, g3}, where g1 = x,
o=y+ig=22 fi=h=f=f=0=g =g =g=0
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This method ALWAYS works when the set of solution is finite: compute
a Grobner basis with respect to a lexicographic order, the basis MUST be
triangular (like in Gauss row-echelon form, but with non-linear equations).
We have the following computational obstacle:

in the example below the following polynomial appears in the
intermediate computations of the Grobner basis:

y3 — 1735906504290451290764747182.... (19)

The integer in the second term of the above polynomial contains roughly
80,000 digits.

@ At least theoretically the Groebner basis theory allows to solve
polynomial systems with a finite number of solutions.
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Infinite number of solutions

In generic case the variety consists of infinitely many points.

"To solve" a polynomial system means to find a decomposition of the
variety of the ideal (the zero set) into irreducible components, that is, to
find a representation V = Vj U---U V,,, where each V; is irreducible.

Example. For J = (xy, xz), the variety of J (xy = zx = 0) is the union of
the plane x = 0 and the line y = z = 0.
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There are 3 algorithms for irreducible decompositions, all implemented in
Singular:

G.-M. Greuel, G. Pfister, and H. Schonemann. Singular 3.0. A
Computer Algebra System for Polynomial Computations. Centre for
Computer Algebra, University of Kaiserslautern (2005).
http://www.singular.uni-kl.de.

— Gianni-Trager—Zacharias (1988) (minAssGTZ)

— Shimoyama—Yokoyama (1996) (primdecSY)

— Characteristic sets method (Wang, 1992) (minAssChar)

(the first one is implemented also in Maple)

>LIB "primdec.lib";

>ring r=0,(a20,a11,a02,a13,b31,b20,b11,b02) ,dp;

>poly gll=all-blil;

>poly g22=a20*a02-b02%b20;

>poly g33=(3*a20"2*al3+8*%a20*al13*b20+3*a02"2*b31
-8%a02*b02*b31-3*a13*b20"2-3*¥b02"2%b31) /8;

>poly g44=(-9%a20"2xal3*bll+all*al3xb20°2
+9%a11%b0272xb31-a02"2%b11%b31) /16;

>poly gb5=(-9%a20"2*al3*b02*b20+a20*a02+al13*b20"2
+9%a20%a02xb0272*%b31+18*a20*al13"2*¥b20*b31
+6%a0272%a13%b3172-a0272%b02%b20*b31
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>ideal i = gl1,g22,g33,g44,g55;

>minAssGTZ (i) ;

[1]:
_[1]1=a02-3*b02
_[2]=a11-b11
_[31=3%a20-b20

[2]:
_[1]=b11
_[2]=3*%a02+b02
_[3]=a11
_[4]=a20+3%b20
_[5]1=3%a13*b31+4%b20%b02
[3]:

_[1]=a11-b11
_[2]1=a20%a02-b20%b02
_[3]=a20%a13*b20-a02%b31%*b02
_[4]=a02"2%b31-a13%b20"2
_[5]=a20"2%a13-b31%b02"2
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Modular arithmetic approach

The notorious computational difficulty of the Grobner basis calculations
over the field of rational numbers is an essential obstacle for using the
Grobner basis theory for the real world applications.

Modular calculations: choose a prime number p and do all calculations
modulo p, that is, in the finite field of the characteristic p (the field

Zp = Z/p). The modular calculations still keep essential information on
our original system and it is often possible to extract this information
from the result of calculations in Z, and to obtain the exact solution of
polynomial system over the field of rational numbers.
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P. Wang's algorithm for the rational reconstruction

Step 1. u = (uy, th, u3) := (1,0, m), v =(v1,vs,v3) :=(1,0,¢)

Step 2. While /m/2 < v3 do

{9 :=|us/wv3)], r'=u—qv,u:=v, v:=r}

Step 3. If [va| > 1/ m/2 then error()

Step 4. Return v3, v,

|- stands for the floor function.

Given an integer ¢ and a prime number p the algorithm produces integers
vs and v, such that v3/v» = ¢ (mod p), that is, v3 = vac + pt with some
t. If such a number v3/v, does need not exist the algorithm returns
"error()".
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P. Wang's algorithm for the rational reconstruction

Step 1. u = (uy, th, u3) := (1,0, m), v =(v1,vs,v3) :=(1,0,¢)

Step 2. While /m/2 < v3 do

{9 :=|us/wv3)], r'=u—qv,u:=v, v:=r}

Step 3. If [va| > 1/ m/2 then error()

Step 4. Return v3, v,

|- stands for the floor function.

Given an integer ¢ and a prime number p the algorithm produces integers
vs and v, such that v3/v» = ¢ (mod p), that is, v3 = vac + pt with some
t. If such a number v3/v, does need not exist the algorithm returns
"error()".

For the discussed example computing the Grdbner basis of (18) over the
field of characteristic 32003 we find G = {x, y>+ 8001, z%}.

Rational reconstruction yields 8001 = 1/4 (mod 32003). Therefore the
reconstructed (lifted) Grobner basis is G = {x, y3 +1/4, z%}.
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Radical Membership Test

For a polynomial f and an ideal | = (f1,..., ) in k[x1,...,x5], k =C,
f is equal to zero on V(/)) if and only if the reduced Grobner basis of the
ideal (1 — wf,f,...,fy,) (here w is a new variable) is equal to {1}.

Allows to check if zero sets of | = (f1,...,f,) and J = (hy,..., hs) are
the same in C".
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Decomposition Algorithm with Modular Arithmetics

(VR and M. PreSern, J. Comput. Appl. Math., 2011)

@ Choose a prime number p and compute the minimal associated
primes Qq,..., Qs of I = (fi,...,f) in Zp[x1,. .., xn].

@ Using the rational reconstruction algorithm lift the ideals Qi
(i=1,...,s) to the ideals Q; in Q[x1,...,xn]

@ For each i using the radical membership test check whether the
original polynomials f, ..., f; vanish on the components Q; of the
decomposition (on V(Q;)), i.e. whether the reduced Grdbner basis
of the ideal (1 — wf, Q;) is equal to {1}. If "yes", then go to the
step 4, otherwise take another prime p and go to step 1.

@ Compute @ =N, Qi C Qxq, ..., xn].

@ Check that v/Q = V/1, i.e, V g € Q the reduced GB of the ideal
(1—wg,l)is {1} and V f € | the reduced GB of (1 — wf, Q) is
equal to {1}. If it is the case then V(/) = Ui_,;V(@Q;). If not, then
choose another prime p and go to Step 1.
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Example: a 3-dim system

System with (0 : —1 : 1) resonant point at the origin:

m
X = > pipxidxs = P(x),
i+jrk=2
m .
o=—xat Y, G = Q(x), (20)
i+j+k=2
m .
X3 = X3+ Z r,-jkx{xéxé‘ = R(x),
iHj+k=2

P, Q, R are polynomials and x = (x1, x0, x3) € C3.
For system (20) A = (0, —1,1), thus, the set R, is

R={aeN: |a=as}. (21)

br=x1+ Y ¢¥xe (22)
|a|>1

o = xox3 + Z Pl@)x, (23)
|a|>2
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There are series ¥1(x) and ¥»(x),

Y=+ Y (24)
|a|>1
=3+ w§xe, (25)
|a|>2
such that
oY1 o 8w1
Apy R 2
%, + 7% %ga(a b, c)x (26)
and
2 31/J2 5¢2
6X1P+a R %h (a, b, c)x (27)

where P, Q, R are the right hand sides of (20) and g, h, (o € R) are
polynomials in (a, b, c).
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Denote by B the ideal generated by the polynomials g, and h,,
B = (gu, ha|a € R), and by V(B) its variety — V(B) is the integrability
variety of (20).

The set of all integrable systems (20) in the space of parameters of the
system is the variety V(B) of the Bautin ideal B and it is the same for
any choice of series (24) and polynomials g, hy (a € R) satisfying (26)
and (27).

After decomposition of V(B) using the decomposition algorithm with
modular arithmetic we obtain the necessary condition of integrability.
The next step: prove their sufficiency.
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Two main mechanisms for integrability:

@ Darboux integrability
@ Time-reversibility
dz

P F(z) (ze€Q), (28)

F:Q+— TQ is a vector field and Q is a manifold.

Definition

A time-reversible symmetry of (28) is an invertible map T : Q — , such
that

= —F(Tz). (29)
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By Llibre, Pantazi and Walcher (2012) if a system (30) is time-reversible
with respect to a linear invertible transformation which permutes x, and
x3 then it is integrable.

X = Z ajk,x{xfx§, X0 = Xp Z BrnpX{"X3X5, X3 = x3 Z Cars Xy X5 X5
(30)

Let u, v, w be the number of parameters of the first, the second and the
third equation, respectively. By (a, b, ¢) we denote the (u + v + w)-tuple
of parameters of system (30).
System (30) is time-reversible if there exists an invertible matrix T such
that

T lofoT =—f. (31)
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We look for a transformation T in the form

10 0
T=[00 ~|. (32)
0 1/y 0

(31) is satisfied for T defined by (32) if and only if
ajkl = *’Ylikajlkv bmnp = =7~ " Cmpn- (33)

Denote by k[a, b, c] the ring of polynomials in parameters of system (30)
with the coefficients in a field k and

H= (1 - Y, ajkl + fyl_kajlka bmnp + 7p_ncmpn>7 (34)

where y is a new variable.
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Rational implicitization

Suppose we are given the system of equations

Aty .-y tm) fo(te, ..y tm)

X1 = ey Xp =
Yot t) T gt tm)

; (35)

where fj, gi € k[t1,... tm] for j=1,...,n. Let W =V(gi---gn).
Equations (35) define
F:km"\W — k"
by
Aty ... tm) fa(te, ..y tm)
F(ty,....,tm) = |—""T"=%, ..., ———= . 36
(1 ) (gl(tl,...,tm) gn(t17~-~;tm)) ( )

The image of k™ \ W under F denote by F(k™\ W) is not necessarily an
affine variety.
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Consequently we look for the smallest affine variety that contains
F(k™\ W), i.e, its Zariski closure F(k™\ W). The problem of finding
F(km\ W) is known as the problem of rational implicitization (e.g. Cox
et al, 2003).

Rational implicitization theorem

Let k be an infinite field, let f1,...,7, and g1, ..., g, be elements of

K[ty ... tm] let W =V(gy---gy), and let F : k™ \ W — k", be the

function defined by equations (36). Set g = g - - - g,. Consider the ideal
J= <f1_g1X17~~;fn_ann71_gy> C k[yvtlv”'atval?"'vXn]v

and let
Jm+1:Jﬂk[X1,...,X,,]. (37)

Then V(Jy,11) is the smallest variety in k" containing F (k™ \ W).

Jm+1 is computing using the Elimination Theorem.
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Elimination Theorem

Fix the lexicographic term order on the ring k[xi, ..., x,] with
X1 > Xxp > -+ > x, and let G be a Groebner basis for an ideal / of
k[x1,...,xn] with respect to this order. Then for every ¢, 0 < ¢ < n—1,
the set Gy := G N k[x¢41,. .., Xn] is @ Groebner basis for the ideal

lg = I N k[Xe41, - - -, Xn] (the ¢=th elimination ideal of /).
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Computation of Z = k[a, b N H

Theorem (Hu, Han, R., 2013)

The Zariski closure of all time-reversible (with respect to (32)) systems
inside the family (30) with coefficients in the field k (k is R or C) is the
variety V(/s) of the ideal

Is = k[a, b,c] N H. (38)

A generating set for /s (called the Sibirsky ideal) is obtained by
computing a Groebner basis for H with respect to any elimination order
with {y,v} > {a, b, c} and choosing from the output list the polynomials
which do not depend on y and 7.

Corollary

Let /s be ideal (38) of system (20). Then all systems from V(/s) are
integrable.
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A generalization in the case of Lotka-Volterra system,

V.R. & D. Shafer, preprint, 2015

x1 = x1A1(x1, %2, X3), %o = xa(1 4 Ax(x1, X2, X3)), X3 = —x3(1 + As(x1, x2, X3))
(39)

Theorem
Suppose Aj(x,y, z) is a homogeneous polynomial function of degree m,
Jj €{1,2,3} and that system (39) is transformed to system

1 =yBi1(y1,y2,¥3), ¥2 = —y2(1 + h(y1, y2,¥3)), y3 = y3(1 — h(y1, y2, y3))-
(40)

by
kixq kox3 k3xa (41)

yl:le’ Y2 = fi/m }/3:%;
where f =1+ F and F(x,y, z) is homogeneous polynomial function of

degree m.
If B(y1,y3,y2) = —B(y1,y2, ¥3) and h(y1,y3,y2) = —h(y1, y2, y3) then
system (39) has two functionally independent local analytic first integrals

in a neighborhood of the origin.
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Moreover:
F=(A+A;3) f=1+F
G(x,y,2)=F(55 5. %) &=1-6G.

def  Of .
uj(x) = xja—xj(x)7 j€{1,2,3}
_ -1 vi y3 yay def —1=
ui(x) = g(y) yi( 2. 2) = &(y) u(y)-

_ def 12
Ai(x) = g(y) AR, £ 8) < gly) T AY),

S ~ -~ —~ -~ ef
[0 A1 + To(g + As) — Ts(g + As)] £ S.

B=A -5 and h=-L(Ay—As)+ 1S (42)

Valery Romanovski Integrability and reversibility in systems of ODEs



Some conditions for complete integrability of system

: 2 2 2
X1 = X1(31X1 + arxy xo + dg Xo + azxyx3 + asxo X3 + 36X3)

Xo = X2(1 + b1X12 + boxyxo + [2)4X22 + b3xix3 + bgxoxz + b6X32) (43)

: 2
X3 = —X3(1 + cixy + oxix + C4X22 + C3X1X3 + C5XoX3 + C6X§)

System (43) admits two analytic local first integrals of the form
Wy (x1, x2,x3) = x1 + -+ and Vy(x1, X2, x3) = xox3 + - - - provided the
parameter string (a, b, ¢) lies in the set V(1) U V(L) UV(hL)UV(ly) for
the ideals:
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Ideal

Generators

h

a1, as, by, by, bs, bs, bs, c1, a, C3, Ca, G5, a3by + 35C6, a3a4 + @536 +

b

di, as, b1, b5, b6, C1, C4, C5, A3 + b3, ay — (o, a6b4 — ayCe + b4C6, 36b3
agby + ascr — 2b4Cp, agbs + b3bg 4+ agcs — bacsz, agbo + agcr + bocg —
bobs + 3b3cr — bocs + coc3, 286C22 + 234C§ + bycrc + 7C22C6, 4b§b4 +
4bsbycs + b3cs + 2bacacs — 3c3cs, Abscs + bice + 6bacacs + 9cics

I

ai, as, by — c1, bs — ¢5, axbs + a3¢o, azbr + a>cz, asbe + agCa, agbs +
babg — cscs, agbﬁ — a§c4, a§a4 + a§a6, aﬁbg + a4c32, a§b4 — a%cﬁ, b§b4 -
becs — bicy asb3 + agcs, bsbg — c3cq, by — b3cs, axbabs + azcsca,
axbscy + asbzcy, azagbs — azascs, azasbs — azasC2, azbsbs + axcacs, a3
agbacr + asbzcs, bobscy — bzczca, bsbaczs — bycocs

la

dai, as, b1, c1, a3 + b3, ar — Cp, a4 + b4, ae — Cp, b5 — Cs, b4b6 — C4Cp,
2b2b5 — 3b3C5 — C3C5 + 2b2C6, b664 — C52 + b4C6 + 2C4C5, 2b4C3 + 2C3C4
2bgcy + bscs — ¢35 + 2¢2¢6, bobs + 3bsco — bacs + cac3, 2b3by + 2bsc
b4C§ — b£C6 — 2b4C4C6 — CECG, 2C3C4C5 — b2C52 — 3C2C§ + b2b4C6 + 3b4C
2bscacs — b2c52 + C2c52 + bybgycg — bacrcg + bacace — CrcyCo, 4c32c:4 — 2|
6Coc3Cs + b3cg + 6bycace + 9c3cs, dbscscy — 2bycacs + 2cacscs + bacs
4b§C4 + 8b3C2C5 — 2b2C3C5 + 2C2C3C5 + b%ij — 2b2C2C6 + C22C6
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Proof. For system (43) using a computer algebra system to compute the
functions B and h of (42). Let S be the set of parameters (a, b, ¢) and
ki, kp, and ks for which system (43) can be transformed to a
time-reversible system (40) by a transformation (41).

S is the variety of the ideal / with generators listed in Table intersected
with t K = {(k]_7 ko, k3) ki koks # 0}

The point (a, b, ¢, ki, ko, k3) is in the set S if

1—-ku=0,1—kv=0,1—ksw=0, f=0 Vfel (44)

Let J={I,1— kiu,1 —kov,1 — ksw) C Cla, b, c, ky, ko, k3, u, v, w].
Then the set of solutions of (44) is the variety of the ideal J. The Zariski
closure of the projection of the variety V(J) onto the space of parameters
(a, b, ¢) is the variety of the six elimination ideal of J, the ideal J(®). By
the Elimination Theorem to find J(®) one can compute a Grébner basis of
J with respect to the lex order with {k1, ko, k3, u, v, w} > {a, b,c} and
take from the output polynomials that depend only on a, b, and c,
obtaining a basis of J(®). The variety V = V(J(®) is the Zariski closure
of m6(V(J)). Although not all systems corresponding to points of V are
time-reversible, all of them admit two analytic first integrals of the form
Wi(x1, x0,x3) = x1 + -+ and Wy(xq, X2, x3) = xox3 + - - -, since the set of
systems admitting two integrals Wy and W, is an algebraic set.
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Finally, we use the minAssGTZ command of SINGULAR to obtain the
decomposition of J(®) as an intersection of prime ideals, which yields the
four ideals of the statement of the theorem, so that

V(JO) =V(L)UV(L)UV(B)UV(L). O

2a1, 2as, by — ¢, bs — cs, al(bl + Cl), C4k22 — b6k32, b52) + 2bgby — Cg — 2¢pCa,
b2k2 - 3C2k2 + 3b3k3 — C3k3, b5b4k§ — C5C4k22 + b6b5k§ - 6665/(3?, 422/(2 — b2k
csks, 284/(22 — b4k22 — C4k22 + 236/(32 + b6k32 + C6k32, axbz + azby + b3by + 2a5b;
—C36 + 2asc1 — bscr — cscr, 2agbok3 + 3bybok3 + bacakd + 2ascok3 — bycoks
3b6b3k::53 + b3C6/(é3 + 285C3k§’ —b6C3k3‘?’ — 3C5C3k§’, 2a1boky +4asbrky + bobi ks -
+4arc1ko — bocrky — cocrko + 2a1b3ks + 4azbr ks + b3bi ks + 2a1c3ks + by csks
232b2k22 + b§k22 + 424b1k22 + 2b4b1k22 + 2b1C4k22 + 232C2k22 — C22k22 + 484C1k22 -
+283b3k§ + b§k32 + 436b1k§ + 2b6b1k§ + 2b1C6k§ + 233C3k§ — C§k32 + 436C1k§
2a4b3ko + 3bsbzks + 2asboky + 3bsboky + bacsky + bycako + 2asc3ky — bacsko
—bscoko — 3c5coky + 2asbsks + 3bsbsks + 2agbo ks + 3bgboks + bocgks + bscs
—3cs5c3ks + 2agcoks — bgcoks — 3cgcoks

Table: The Ideal I of the proof of theorem
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Example (Hu, Han, R., Physica D, 2013)

x = x(ax00x + a110y + a1012),
Yy = —y+ byoox? + brioxy + bio1xz + boxoy? + boo2z?, (45)
z = z+ coox® + cr10Xy + C101xZ + Conoy? + Co022>.
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To find the necessary conditions for existence of integrals

¢=x+ Z dipx'yi z* (46)
i+jt+k>1

W =yz+ Z PYyx'ylZ* (47)
i+jt+k>2

using the computer algebra system MATHEMATICA we computed
polynomials g, and h, defined according to (26) and (27) up to |a| < 8.
As the result of the calculations we have obtained the ideal

Bs = (gu, hola € R, || < 8).
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Then, we tried to find the irreducible decomposition of the variety V(Bs)
of the ideal Bg using the routine minAssGTZ of the computer algebra
system SINGULAR. It was not possible to complete computations on our
facilities. However the linear transformation

y = by, zw—cz,

where bc # 0, brings (45) to a quadratic system with the same linear
part and bgi1 is changed to bp11/c, and ¢p11 is changed to co11/b.
Thus, to obtain the necessary conditions for integrability of system (45)
it is sufficient to consider separately the following four cases:

(1)bo11 = co11 = 0(ii)bo11 = 0cor1 = 1(iii)bo11 = 1, cor1 = O(iv)bo11 = co11 = 1.
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Theorem

Consider three dimensional system (45) with bg11 = co11 = 0. The
system is integrable if and only if axgop = 0 and one of the following
conditions is satisfied:

1) @00 = bi1o + cio1 = b2oo = a101€110 + b101C020 — C110C002 — A110€1
= a110b101 — bo2ob101 + booz2€110 + 3101101 = 0,

2)  b3gnCiio + 31t = booobin1 020 — bo02Ci10C002 = bo2oboo2Ci10 +
= bsob101 + €1106802 = biaoboo2 — 020302 = —bGagbo02C200 + bood
= bo20b101 €200 + b200C110C002 = boo2C200C110 + b200b101C020 = D200k
= booobo2o — 200€002 = —bo20b002C300 + b3goCo20C002 = D101 200 +
= —boo2Can0 + b30oCo20 = —a101b020 + a110C002 = a110b101C200 + A1

= —a101bo02¢P1g + a110b301 Co20 = a110b002€110 + 3101 b101C020 = A11

= a110bg20b101 + 3101 €110C002 = 31100020 6002200 — 3101 5200020 €002

= 3110b020b002 - 3101C020C502 = a110b200 — 3101C200 = 3%1013101 + 31

= a?10bo02C200 — @301 P200Co20 = a310bo20boo2 — @29y Coz0C002 = 330k
= b110 + c101 = 0,

3)  coo2 = bozo = b11o + C101 = @101 = a110 = 0.
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